; LAW OFFICES ’
CHARLESJ MEHHIAM

T WILLIAM AL MARSHALL . : .
ot R MERRIAM MARSHALL SHAPIRO & KLOSE
NORMAN M._SHAPIRD : ', THlRTY WEST MONROE STREET . N

. BASIL-P.MANN i : : o

CLYDE V.ERWIN.JR.

ALVIN D.SHULMAN . ‘

EOWARD M.O'TOOLE - December 10 ’ 1966

© ALLEN H.GERSTEIN o - . ’ L
OWEN .1, MURRAY

' DONALD E.EGAN

NATE F SCARPELLI

CHICAGO, ILLINOIS 60603 el S UqeLEeHonE
' ' FINANCIAL 6- 5750

Mrs, Helen K. Thomas
Qfficial Court Reporter
. United States. Dlstrlct Court
Room 2328 A
219 South Dearborn Street
Chicago, Illinois

Re:. University of 1111n01s Foundatlon -
* v, Blonder-Tongue Laboratories;, Inc.
v. JFD Electronics Corporation
Civil Action No. 66 C- 567

Dear Mrs. Thomas: |
.Enclosed are Exhibits ‘B-45 and 3446 which
were 1ntroduced durlnc the dep051t10n of Dr. Paul E.
Mayes taken before Miss Lucile E., Moore on December 14,
1966, | |
I havé had copieé of these exﬁibits made
énd‘I an forwarding themrdiréctly-tb counsel for JFD
and Bloﬁder~Tongﬁe. a __.  R . : - ;?
B | _SincerelyAyours, _ : | .4£{
o o o | q /..
Original Signed by U"‘V -f
BASIL P. MANN - ‘

LSELM% - . Basil P, Mann_ _%fﬁ9; 
- BPM/mto | L e 3
cc: p-Richard s, Phllllps, Esq.

W/Enclosures

- Myron C, Cass, Esq.'-
. W/Enclosures
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-/ UNITED STATES DISTRICT COURT . .
. NORTHERN DISTRICT OF ILLINOIS

. 'BEFORE JUDGE HOFFMAN . S . _ _ o
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Back in 1962, we invented a new kind of TV antenna.
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We did not improve on an old antenna. We
started from scraich io design a rew one.
Really new.

It wasn't easy. And it wasn't cheap. But it
worked like mad.

We called it the LPV Log Periodic. its per-
formance caught our competitors with their
charts down. But it wasn't long before they
came up with LPV copies. in every way—ex-
cept in performance.

Meanwhile back at the JFD labs in Cham-
paign, lllinois, our scientists and engineers
continued their “assault on perfection.” In
1963, they again shattered antenna prece-
dent by coming up with the first combina-
tion VHF/UHF/FM log periodic antenna, the
LPY-VU, Instead of three different antennas,
installers now needed only one LPV-VU and
one downlead.’

Qur competitors scoffed at the idea.

They said it couldn’t be done. Untit the “eye-

popping” results started to roll in. Then there
was a mad scramble for the LPV-VU band-
wagon.

These ‘‘me-too” antennas Jooked like the

LPV-VU Log Periodic. Sounded like it, too.
But their charms were skin-deep.

CASS ALTSHULER
801 Seventh Avenue
kland, California
DUNLAP ELECTRONICS
1800 - 18th Street.
Sacramento, California 95809
Also in: Ch1co, Vallejo, Modesto, Fresno,
Walnut Creek, Bakersﬁeld, Marysville,
Stockton, Merced, Redding and Reno,
Nevada

Only the JFD LPV-VU delivered deluxe 82-
channel log periodic performance. Because
only the JFD LPV-VU followed the genuine
patented log periodic concept of the Univer-
sity of lllinois Antenna Research Laborato-
ries. Thanks to the protection of eleven dif-
ferent LPV-VYU U.S. patents issued and pend-
ing—more than those of any other antenna.

You would think by now our Research and
Development people -in Champaign would
leave well enough alone. But no. These
“Young Turks' have gone and done it again.
This time it's a new all-band log- perfodic
design—the LPV-CL Color laser. (Must be
that “assault on perfection™ bug they’ve still
got up their polinear recorder.)

Why did we call it the Color Laser?

Well, engineers tell us that laser light beams
with their tremendous bandwidth capacity
are the communications carrier of the future,
And we believe that our new VHF/UHF/FM
Color Laser with its extreme bandwidth,
among other unigque characteristics, is the

" antenna of the future—only it's available to

you now. How does the Color Laser deliver

- unsurpassed natural color, black and white -

across 82 channels, and FM, too°

“Three reasons: (1) Patented *VHF “cap-
electronic” Log Periodic V Design, (2) anew

Licensed under one or more of U.5. Patents 2,955,287 and 3.015,821 and additional patents pending,

JFD ELECTRONICS CO.
15th Avenue at 62nd Street, Brooklyn, N.Y. 11219

broad band UHF “zoned” trapezoid driver,
(3)-a new disc-on-rod UHF director system,
And'there are patents issved and pending on
all three.

We've also spun off the LPV “cap-electronic”
Log Pefiocdic section of the Golor Laser. It
forms the heart of a great new VHF antenna
series we've named the LPV-TV.

‘This *“assault on perfection” of ours involved

a complete new mechanical design, as well.
Results: ‘‘fast-lok’ element brackets, “hot”
twin- booms. (no lossy harnesses or trans-
formers), new super-strength double U-bolt
profiles, high' reliability cylindrical capaci-
tors, plus our electrically conductive gold
alodized aluminum.

If you're the breed of professional contract’
installer or self-servicing appliance dealer:
who never seitles for less than the best, we -
have a suggestion. Use a JFD LPV-CL Color:
Laser or LPV-TV Color Log Periodic on your.
next installation. See what it feels like to -
install the Best of all In performance and
customer sat:sfactlon

You will also.see why our research and de--
velopment pe_op]e have now'changed their:

watchword -from “‘assault on perfection” to. =

“perfecuon conquered”.

JFD Internaticnal, 64-14 Woodside Ave., Woodside, N.Y. 11377 JFD Canada, Lid,, Canada
JFD de Venezuela, S.A., Avenida Los Hatlcos 125-97, Maracalbo, Venezuela

QUEMENT ELECTRONIES -

1000 South ‘Bascom Avenue
San Jose, Californiz - -

REDWOOD ELEETRONICS SUPPLY COMPANY

711. Summer Street
Eureka, California

WHOLESALE RAI]II] & ELECTRIC SUPPLY GDMPANY
1348 EI Camino Real
San Carlos,: California

WHOLESALE RADIO & ELECTRIC SUPPLY COMPANY
1116 Folsom Street
San Francisco, California 94103
Also in Petaluma
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Dear Sir: '

In the October issue of ESD you had
in your feature issue a report on gervice
pricing.

I would like ver ymuch to obtain some
copies of this article. If you are able to
send me some reprints of this article
they would be used by our men to give
to their customers. Your assistance would
be greatly apreciated.

Wimpy Jones
Radio Service, Sacramento

*2373;‘?@'?5%%%%?“@9*%' BRI "
e
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S
Ed: We are trying to work out an idea
to reproduce the article and send sup-
plies 1o all distributors to give to their
customers. As yet it is not worked out
but, if you wish, you have our permis-
sion to reprint the article and use it as
you see fit.

Dear Sir:
Would like to procure a copy of ESD

"TUNER REPAIRS

/P

$95.0

FOR COMPLETE OVERHAUL

Includes ALL parts (except tubes)
ALL labor on ALL makes

24-HOUR SERVICE with
FULL YEAR WARRANTY

10654 Magnolia Blvd.,
North Hollywood, Calif.
Tel: 769-2720

...SEMICONPUGTORS... AIR TRIMMERS...FM RADIOS
AM.FM RADIOS...AUDIO TAPE... BROADCAST EQUIPMENT

for October if posible. Would you please
send me a copy of this or advise me as
to cost of same and I will glady send
along my remittance. Also your sub-
scription rate. o
Edward Hocking
Buena Park, Calif.

]
Dear My. Martin:-

Thank you for all the personal endea-
vor that must have gone inlo compiling
the ESD report on Service Pricing. Per-
sonally, I wish it could be made avail-
able to all registered service shops, on
one page, that could he displayed for
customers to see. | would eliminate many
beefs and then all shops would have a
standard foundation for setting their
prices. We certainly don’t advocate the
same price but this is the first real guide
to pricing practices we have ever seen.

Warren’s Stereo-vision

Corong Del Mar, Calif.
A

A TELEGRAM:

Congratulations your August ESD edi-
torial also Winston Salem Session. Will
send copy of our survey later.

John Keppinger Gross Point Magnavox
Detroit, Michigan

Dear Sir:

We wish to thank the Electronic Serv-
ice Dealer for the editorial leadership in
bringing about this vital need to upgrade
the indusiry. Reports on items in the
Elecironic Service Dealer have a per-
manent place on the agenda of our
monthly meetings. :
William E. Phillips, President
Coachella Valley Electronics Association
Palm Desert, California

Editor’s Note:

These are just a few of the stacks of
letiers we have jrecetved concerning our
current editorial policy to review and
report pricing practices throughout Cali-
fornia. We sincerely hope we have been
a factor in o re-evaluation of the pricing
structure and that the Industry as o
whole will benefit. We believe that this
is the only way in which the industry can
take its place as o profession, to atiract
new people, and to be financially sound.

Dear Don:

I want you to know how much I enjoy
reading Electronic Service Dealer from
cover to cover and consider it the best
service publication in the country. Par-
ticularly enjoy your “Service Pricing”
articles which I wish could be read by
every service dealer. ,

Sincerely,

John P. Graham, Ed. ARTSD News

ELECTRONIC SERVICE DEALER
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- United Staté_s Pa et Off

‘ 3,079,602
Patented Feb 26, 1963 '
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e 3.079.602 0
LOGARITHMICALLY PERIODIC ROD ANTENNA

- Raymond H. Du Bamel and Fred R. Ore, Cedar Rapids,

Yowa, assignors to Colling Radio Company, Cedar Rap-
ids, lowa, a corporation of Iowa -
~ 0 Riled Mar. 14, 1958, Ser. No. 721,408

o0 14 Claims (Cl. 343—908) :

This invention felates to anténnas of a type that can
be described as logarithmically periodic, since their struc-
ture is repetitive in a logarithmjc manner. Such antennas

are particularly useful because they -are capable of main- .
" taining substantially-fixed radiation patterns and input im-.

10

R 2 o

To. provide logarithmically periodic _antennas'having
structural - simplicity, while permitting frequency inde-" .
pendence ‘of radiation pattern and input frequency over )
extremely “broad frequency ranges; and

To provide a logarithmically periodic antenna which
can be entirely made of straight-lined structure, cap_gble
of -easy fabrication from wite or rods.
‘Tﬁtmﬁmand—mlﬁntages of the inven-
tion will become apparent to a person skilled in the art
upon further study of the specification and accompanymg
drawings, in which:

FIGURE 1 illustrates an elevatxonal v:ew of one form

: of the invention;

pedances over a very broad frequency range, which may..

be greater than tefi-to-one,
The : general subject of such antennas is treated in a

" paper by R. H. DuHamel and D. E. Isbell, titled “Broad-

band Logartthmtcally Periodic Antenna Structures” and is
found in the 1957 L.R.E. National Convention Record,
Part I, of the group on Antennas and Propagation, Micro-
wave Theory and Techniques.
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This article is only con-
cerned with planar Jogarithmically periodic antennas which .

comply with the compleimentary principle when they are

inﬁnitely extended. ~The complementary principle re-
quires that the same form be obtained when the anterina

structure is interchanged with the planar space surrownd-.-
. ing it.

That is, the complementary principle requires that
when an antenna and its complement are added together
a complete infinite screen is obtained. In many situations,

if an antenna has a complementary shape, it may be ro-

tated by 90° about its center, and it will fill the area previ-
ously existing between its elements. . If an antennia is iden-
tical to its principle it has a constant impedance of 60x
ohms which is independent of frequency. - This is ex-

-plained in an article by V. H. Rumsey titled “Frequency .

Independent Antenna™ found in the same LR.E. records

as the first-mentioned article. . It was previously believed
that the complementary principle must be adhered to in
order to obtain a constant anteuna mput 1mpedance inde-
pendent of frequency.

The present invention deviates from the complementary '

principle in several ways . and yet is able to maintain a
radiation pattern and input impedance that are very nearly

independent of frequency over a very broad rznge. For .
example, antenna sfrucfufés made accor: ng to this in-

vention need not liein a single plane, which is a require-
ment of the complementary principle, Furthermore, when

- a form -of the invention is made to lic in a single plane,

it need not satrsfy the complementary prmc:ple. The in-
vention. teaches how .a logarithmically petio
structure can be made entirely wrth a strmght-lmed con-
figuration.
TThe invention prov:des a structure that is logarithmi-
cally periodic from a given vertex point. As a conse-
quence, similar portions of the antenna repeat with a
geometric-progression relationship ‘as a function of their
distance from the vertex. Transverse constriction lines
in the invention can be made linear to permit substantial
structural simplifications, partxcularly for large sized an-
tennas to extend their range to relatively low frequencies,
Some of the objects of this invention are the following:
To provide an antenna which maintains the same radia-

25
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“FIGURE 2 shows a side view and radiation pattern;

FIGURES 3, 4, 5, 6(A), 6(B) and 7 represent other
forms of the invention; )

FIGURE 8 is a perspective of a three-dimensional form
of the invention;

FIGURE 9 illustrates a ‘conical development of the
three-dimensional form in FIGURE 8;

FIGURES 10(A), (B) and (C) show end views of
various forms of the mvenuon with theu' radiation pat--
terns; .

. FIGURES 11 and 12 show perspectives of other three
dtmensmnal forms of the invention; ;
~FIGURE 13 provides a2 modification of the mventton-

:FIGURES 14(A) and (B). respectively illustrate a'
rounded-tooth threc-dimensional form, and its end v:ew
and radiation pattérn;

FIGURE 15 represents a radiation paitern; and K

FIGURE 16 shows an end view of a center-lme folded

antenna.

40

50

~ increasing angle ¥ bEyond 180° causes itto repeat

b5

a0

tion pattern throughout .an extremely large operatmg fre-

quency. range;

To provide an. antenna whlch mamtams a very-nearly .
constant -input impedance over an extremely large fre-

quency: range; -

To provide a loganthm;cally penod;c antenna wnth a.
radiation pattern that can be made omnidirectional;

To provide: a logarithmically periodic antenna with a
_radiation pattern that is controllably: asymmetric;

65

.nthmteally periodic. manner from terminal point 12.

“tenna can then be' defined in terms of this sét of teeth.|

‘Now referrmg to detalled forms of the mventton, FIG- ;
URE 1 is first considered. It shows a back-elevational
view of an antenna made from a pair of metal sheets:
having a thickness that’ tapers toward a terminal point 12, :
FIGURE 2 shows a side view of the same antenna and |
orients the position of point 12, which is a reference pomtw
for the system but has no structural existence. The a
ténna includes half~port|ons 10 and 11 which are gene
ally triangular in shape and have respective vertexes ad-
jacent to point 12. ' Each half-portion 10 or 11 encom-
passes an angle « which is bisected by a center line 13 or;
14, respectively, passing down their center. However, it
is fo be noted that neither half- pomon 10 nor 11 is sym-
metrlcal about its center line.

Each half-portion 10"or 11 has transverse teeth extend- 5
ing on. opposue sides of an inner mangular-shaped seg-
ment that is defined by:an angle g. - Angle g is symmetn-
cally ‘placed within angleé «.

The two planes. of half-porhous 10 and 1t are onented .
apart by an angle ¥, which ¢ frop 0,

A plurality of teeth 104, 105 through 10L are formed
oni half-portion 10; and a similar plurality of teeth 11
11b through 1L are formed on half-port:on 11, InFIG-
URE 1, each of the teeth is trapezoidal in form when its]
transverse parallel sides are extended to meet center-line !
13' or 14; and the parallel sides are perpendtcular to their
center-lme. The teeth vary in size and spacing in a loga-.

'Ilms. each tooth has parallel sides 21 and 22 with outer/| .
su!e 22 being the more distant of the two from point
12 Each ‘tooth is_bounded on its remaining two sides’
by lmes defining angles e and 8. .

The location and size of the set of teeth of half-portion ||
10 on the left side of its center line 13 will first be defined. ||
The Tocation and size. of the remaining tecth of the an- [l

The distances along center line 13 between point 12 and.
the outer sides 22 of alternate tecth 10a, lllc tbrough lﬂL i
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are represented by distances Ry, Ry tbrough Ry Any two- .

consecutive values -of R are Ry and Ry, with the lat-
ter being the smaller distance. Similarly, 7, rg through
ry, represent distances of the inner sides of the same teeth
from point 12; and of any consecutive pair of r are ry and
ryy1, with the latter being the smaller distance, They are
deﬁned by the followmg expression:

R'N’+I rw+|

=T &3

where = is a constant less than one, wluch is fixed for a
‘given antenna design.

Expression 1 positions the teetb w:th respect to each
other along the center-line but does not specify the width
of the teeth, - The width of any tooth of the set is the dif-
ference between R, and r.,, which are related by the fol-
lowing expression:

g-......—--

Fn (2)
where o is constant for a given antenna design,

Consequently, expression 2 completes the general de-
finition of the set of tecth on the left side of centercline 13
in FIGURE 1.

The remaining. teeth of antenna half-portion 18 can
then be defined, because the teeth on the right-hand side
of center-line 13 have their sides 22 and 21 aligned with
the defined sides 21 and 22 respectively of the left-hand
side, with the teeth on the right-hand side aligning with
spaces befween teeth on the left-hand side. )

Furthermore, the teeth on the opposite antenna half-por-
tion 11 are also thereby defined, because half-portions 10
and 11 are identically shaped. - Thus, in FIGURE 1 the
teeth on.the right-hand side of portion 11 correspond to
the teeth on the left-hand side of portion 10. Likewise,
the teeth on the left-hand side of portion 11 correspond
to the teeth on the right-hand side of portion 10.

Although the half-portions 10 and 11 are constricted
in the same manner, they are positioned unsymmetncally
with respect to each other in the sense that one is not the
image of the other. This prevents the same antenna re-
sponse from being obtained by positioning a single half-
portion over a ground-plane that bisects angle .

Expressions 1 and 2 determine 'a geometric-ratio se-
quence for tooth sizing and for tooth spacing. - However,
they permit different geometric-sequencies - having the
same geometric-ratio to define distances to inner and outer
sides of a tooth, respectively. A particularly useful special
case occurs when the teeth- are similarly proportioned
on opposnte sides; and this is obtamed when :

' o'-—-\/-r
When angle  is less than 180°, an asymmetrical radia-
tion pattern 26 shown in FIGURE 2 is obtained, with the
major lobe pointing in the direction of arrow 27. The
primary polarization -of the radiation is parallel to teeth
sides 21 and 22, A secondary transverse polarization is
also obtained, which is small and can be controlled. The
radiation pattern is discussed below in more detail,

Theoretically, an infinite bandwidth from zero to in~ -

finite cycles-per-second can be obtained for the antenna
by making each half-portion infinitely long, wherein the
teeth become infinitely small as vertex 12 is approached
and infinitely large in the opposite direction. ' In practice,
finite dimensions are mandatory, and a finite number of
teeth must be used. Thus, the bandwidth is then no long-
er infinite, but nevertheless, extremely large bandwidths
can stil} be obtained. The number of teeth used in the
given antenna is therefore somewhat arbitrary, although
generally speaking more than two teeth must be used to
obtain a structure which is logarithmically periodic. In
each case, there is'a practical limit to the size of the largest
tooth, and the smallest tooth also has its limit. Thus, in
antenna half-portion 10 in FIGURE 1, tooth 10L is the

)
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smallest ‘and tooth loa is the largest - Accordingly, the’
small triangular part 23 of half-portion 10 near vertex 12
has no teéth, due to the practical difficulties in making
very small teeth. However, the outer side 24 of triangnlar

“portion 23 performs like the outer side 22 of a tooth, and

it acts electrically like the smallest tooth of the antenna.

Half-portion 11 similarly has a small triangular pertion .
25 with an outer side 30 that corresponds to tnangular part.
23 and its outer side 24, respectively. . :.

Structurally, the size of the largest and sma][est teeth
determine the lowest and highest frequency limits, re-
spectively, of the range.

The high-frequency limit of the frequency independent
range is reached when the length of siallest side 24 or 25
from the center-line to its e-boundary becomes about one-
tenth of a wavelength of the radiated frequency. )

On the other hand, the low frequency limit of the range .
is determined when the length of the largest side 224,
measured from center-linie ‘13 to' its u—boundary 1s 8D
praximately one-quarter wavelength,

Although the “frequency limits are determmed by the
sizes of the Targest and smallest teeth in the structure, it
is by no means to be implied that radiation occurs only
from these teeth at the respective frequency limits.
Rather, radiation at all times occurs from several of the
teeth in varying degrees in a complex manner.

Ideally, the sheets of metal from which each of the an-
tenna half-portions 10 and 11 is made ‘have tapered thick-
ness as explained above. In practice, however, it has
been found that stepped thickness can be used to the same
effect, and further that uniform thickness can be used
without substantially inhibiting the operation of the an- "
tenna for very large bandwidths 'of the urde'r of five-
to-one.

The-antenna of FIGURE 1 can be fed by means of -

either a balanced or an unbalanced line, but special pre-
cautions must be taken to prevent the line from interfering
with the radlatxon pattern, An unbalanced line, coaxial .
cable 29, is used in FIGURES 1 and 2.” 1n order o pre-
vent it from intérfering with the radiation pattern, it is
brought along the solid triangular portion within angle
2 with the outer conductor making contact therewiih, and
it terminates at the apex of half-portion 11. Its inner con-
ductor 28 exterids from the end of coaxial line’ 29 across
the space between the apexes of the haIf-poruons, and
connects to the apex of half-portion 10. Outer conductor
29 is not at ground potential dlong half-portion 11 but
varies in a manner that automatically transduces-the un-
balanced-line impedance to a balanced impedance connec-
tion for the antenna without unbalancing the antenna pat-
tern. The near-zone electro-magnetic ﬁ_elds associated |
with the antenna deécrease rapidly as extremity 224 is ap-,
proached. Therefore, the presence of coaxial line 29 has
littte effect on the field and hence om the balance of
the antenna structure. This effectively produces a. very-
wide-band balanced feed for the antenna. )
Also, a balanced line can be connected to the antenna
by being brought toward the antenna in FIGURE 2 along
the direction of arrow 27, with opposite sides of the Tine
being comnected to the apexes of the respective half-
portions. If the fransmission line is brought from the
sidé of the antenna that is perpendicular to the paper at
point 27 in FIGURE 2, it interferes with the radiation
pattern to some degree, which i m many cases: makes such
type of connection undesirable.”™ '
Although each half-poftion 10 and 11 is in a respec-
tive plane in FIGURES 1 and 2, each can also be folded
about its center-line 13 and 14. FIGURE 16 shows an -
end view of such antenna where ¥ is 180° and x is the ~
fold angle between the radical members of -half~portion
10 having respective end teeth 22a and 22b. ' The figure-
eight type radiation pattern 15 of this antenna is made
more omnidirectional as anglé x is made smaller, Opti-
mum omnidirectionality is obtained with x between 120°
and 130°. As angle x is made smaller the antenna be-




" comies more frequency-sensmve and its bandwidth de-
creases.

3,079,509

We have also dlscovered structural modlﬁcatlons of the .

antenna given in FIGURES 1 and 2, which greatly facili-
fate the use of the invention. FIGURES 3 through 7
ﬂlustrate such modifications, “and teach how the invention

n be constructed from conducting rods or wire “Tods or wire, while

shll mamtammg fhe Tequired operaing characleristics ot

the fventiom, With regard to FIGURE 3, Tods are used
to provide an outline of the conﬁguration given . jn.
FIGURE 1. Although the antenna of FIGURE | does
not have. an identical complementary structure, it still

provides a clear distinction between the teeth and spaces -

between the teeth.  The structure of FIGURE 3 is hence:
even farther from the complementary principle, since the
internal portion of any tooth defined by rods or wire is
also a space. ‘Nevertheless, we have expem'nentally deter-
mined that the structure of FIGURE.3 operates in sub-
stantially the same manner as the structure of FIGURE 1.

FIGURE 3 also includes two half-portions 10 and 1L
Half-portion 10 includes a plurality of transverse rods
32a, 32b through 32L. Similarly, half-portion 11 com-
prises transverse rods 33a, 33b through 33L. The rods of
half-portion 10 are positioned with respect to the center
of the antenna in the same manner as tooth sides 21 and
22 were located in FIGURE 1, that is, by means of ex-
pressions 1 and "2 above. Rod sections 36a, 36b

_ through 36L-are placed on the boundary of the teeth of -

portion 10, as defined by angle «. Similarly, the teeth
in portion 11 have lateral bounds provided by rod sec-
tions 37a, 31b'through 37L, which likewise are aligned
along angle «. A pair of rods 41 and 42 are fixed to por-~
tion 10 along the sides of angle 8; and rods 43 and 44
are similarly posmoned in portion 11. A centrally posi-
tioned rod 46 is also prov:ded along half-portion 10,
while coaxial cable 29 is brought centrally along half-
portion 11 with its outer conductor connected to respec-:

five transverse rods 33. - Its inner conductor 28 exits from’

the coaxial line at the apex of portion 11 and connects
to the apex of portion 10.

: The antenna system of FIGURE 4 is similar to that
shown in FIGURE 3 and like portions carry like refer-
ence numbers, However; in effect, angle g is made zero:
in FIGURE 4 by not providing rods ﬂ 32,33 and :4'% :

FIGURE 5 shows a modification o‘x‘ the antenna of!

. FIGURE 4, wherein the trapezoidal teeth elements of
FIGURE 4 are modified iinto triangular shapes. Thus, i in
FIGURE 5 the two antenna portions 10 and 11 are agam
confined within an anple’s; and like FIGURE 4, there is;
also provided a center rod 46 in portion 10 of FIGURE'S|
and coaxial cable 29 along along portion 11. In etfect, items’
46 and 29 are bisectors of angle .

Thus, in FIGURE 5, portion 1% is composed of trans-
verse rods. 51a, 5§15 throngh S1L. Similarly, portion 11:
comprises ‘transverse rods 53a, 53b through 5§3L. The:
rods comnected at their ends to form transverse triangular

téeth. . The outer. apex of each trian uEr"t’cEﬂﬂIeT(T' na
defining line of angle a. - ‘

:If the antenna of FIGURE 5 were supenmposedl ona
correspondmg antenna of the type in FIGURE 1, the

apexes of the triangular teeth of FIGURE 5 would be’
located on the !ateral sides of corresponding frapezoidal

teeth,

‘The positioning of the transverse rods in FIGURE § -

is: preferably determined by means of expressions 1" and
2'given above, However, the terms of the expressions

are preferably defined in FIGURE 5 with respect to the

.apex points of the transyerse teeth. [This is done with
respect to. antenna half«pornon 10 by designating its
apéxes on the right-hand side in FIGURE 5 by means
of R and by designating its apexes on'the left-hand side
by r. The dimensjons j&m’and r are measured from a trans-
verse line 60 that passes through tcrmmal point 12 and
is'transverse to center-line members 46 and 29. The end

10-
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of each rod Sla and 53a farthest: from point 12 is con-
sidered an apex, and each hag a distance Ry from line 60. -
‘With this definition of the positions of -the elemients ifi

-FIGURE 5, it will 'oe found that their points of inter-

section with center- rs 46 and 29 also satisfy
expressions, and 2 above,  with . expression 3 being
a speclfic ease Also, it will be noted that alternate ele-
ments in' FIGURE 5 are -parallel to each other; for ex-
ample, elements 51a and Slc are parallel 51b and 514
are parallel, and so forth. - - -

In FIGURE 5, the apex part of portion 10 is defined
by rods 56, 57 and 51L. Likewise, in portion 11 the apex -

triangle is defined by rods 58, §9 and 53L.

FIGURE 2 may also represent a side view of any
FIGURES 3, 4 and 5, wherein their two half-portions are

separated by le ¥ which may vary from 0° to 180°,
The basic triangulai-tOothed coi ﬁ%g Tion of FIGURE

5 leads to the greatest structural simplification in some -

- cases over other forms of the invention, while maintain-
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- the Jarger elements of the antenna.

mg the desired operating conditions. Thus, the configura-
tion of FIGURE 5, as also do FIGURES 3 and 4; permits
memm antennas capable of having
extreme broadbandedness which extends into the lower
frequencies, In order to lower the low frequency limit of
the antenna range, it is necessary to- increase the size of -
Since the width of

the largest transverse. element approximates one-half
wavelength of the lowest frequency, it can be realized that -

“at very low frequencies the transverse clements can be-
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come rather large.

-FIGURES G(A) and (B) ﬂlustrate how the antenna
conﬁguratnou given in FIGURE 5 can be constructed of
wire. It is constructed using three poles 61, 62 and 63
firmly supported uprightly from the ground. ~Again the
antenna comprises the two ha]f-poruons 10 and 11. A,
plural waisted insulator 64 is provided at the top of a
pole 61 and is situated at the apex of the antenna. The
poles are preferably wood so as not to interfere with the
radiation. A pair of hooks 66 and 67 are respectively .-
fastened in horizontal alignment to poles 62 and 63 near
their top. Similarly, a second pair of hooks 68 and 69

‘are fastened with horizontal alignment to the lower por-

tions of poles. 62 and 63. A taunt line 71 is connected:
between hook 67 and the upper-middle waist of insulator -
64. Line 71 consists of metal wire segments mechanically
coupled but electrically separated by insulators 72, Sim- .

. ilarly, another line segment 73 is connected between the
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upper-middle waist of insulator 64 and hook 66. . Line
73 is ltkewise comprised- of wire segments similarly cou-
pled by insulators 72. Lines 71 and 73 are structural -
only and are interrupted electrically by the insulator to-
prevent them from having-an antenna function. A di-
eleciric type of structural line could preferably be used
for lines 71 and 72 without msnlators, however, no di-
electrlc material is known which is properly stable under *
tension. The insulators 72 along lines 71 and 73 are
positioned to support the apexes of the triangular teeth,
Transverse wires 51a through 51L are positioned be-
tween the supporting lines 71 and 73 with an angle « in-

‘the manner defined for FIGURE 5. Insulators 72 con-

nect to the apex of each transverse tooth along lines de-
fining o, .
In a like manner, the lower half-portion 11 of the an- -

. tenna is strung beiween a pair of structural lines 81.and

82, which correspond respectively to lines 71 and 73.

- Thus, lines 81 and 82 are strung between the lower-mid-

70

dle waist of insulator 64 and hooks 68 and 69, respec-
tively. A central wire 46 connects the elements of sec.’
tion 10 along the bisector of angle «. . Similarly, a cen-
tral wire 47 connects the transverse elements of antenns,
portion ‘11 to bisect its angle «. Central lines 46 and 47
connect to-the upper and lower waists of insulator 64.

A balanced transmission line 83 is brought along pole=

. 61. It'fans away from.the antenna and then is brought -

76

directly toward its apex, where the opposxte sides of the
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line respectively connect to the ends of leads 46 and 47.
‘The directivity of the antenna system of FIGURES 6(A)
.-and (B) is the direction of arrow 27 in FIGURE 6(A)
and provides pattern 26 in that figure.
Where it is desired to make the antenna of FIGURE 6
have a symmetrical figure-cight pattern, angle ¢ should
" .be-180°, and the entire antenna may be supported be-
- tween- two parallel upright poles in a manner which is
" -obvious in view of the description of the antenna in FIG-
- .. JRE 6. A coaxial feed line is then preferably used, as
given in the prior figures.
" FIGURE 7 illustrates a rotatable snugle-mast mounting
-of the form of the invention shown in FIGURE 4, and
‘like reference numbers are used for like components. The
-antenna system of FIGURE 7, for example, can be a
“radio-ham antenna which is preferably extremely broad-
band to reccive many of the ham bands. Unlike other

% ham antennas, the one in FIGURE 7 does not require any

. tuning for the various bands, and furthermore it main-
.. tains a directivity which is constant for all bands within
_its range. Thus, if the antenna is designed for a fifteen-
to-one range, it can provxde a horizontally polarized trans-
-mission at various points in the spectrum between two and

‘ thirty megacycles. In FIGURE 7, the opposite halves of

- the antenna, 10 and 11, are supported on rotatable mast

. 86, ‘The central members 46 and 47 of antenna portions

-’10 and 11 are step-tapered in cross-section, in order to
. enhance broadbandedness. The- taper is largest at ele-
- ments 322 and 334 and narrows to a point adjacent to the
_antetna apex. Also, in order to enhance broadbanded-
" ness.the larpest diameter rods are 32¢ and 334, with the
‘diameters of the rods decreasing as their posmons ap-
proach the antenna apex.
" Mast 86 can be made of conducting material, and when
- it-is made of conducting material it should be connected
to supports 46 and 47 at points midway between any two
adjacent rods 32 or 33, respectively. It has been found
- experimentally that a metal mast does not interfere with
the radiation pattern when it is connected to such mid-

points, because it appears that voltage-null points exist

along rods 46 and 47 at the points midway between ad-
jacent transverse rods. :

A coaxial transmission line 87 passes upwardly through
. mast 86, which is hollow, and passes outwardly through
-a-hole 88 in the mast and has its outer conductor con-
nected along central member 47 until it terminates at the
-apex.of the antenna as taught with FIGURE 4. Thus,
its center conductor 28 extends outwardly and connects

to the end of central member 46. A dielectric block 89

connects the apex ends of half-portions 10 and 11 to pro-
“vide mechanical rigidity only.
- It has been found that the center-line conducting mem-
ber 46 and 29 in FIGURES 4 and 5, and 46 and 47 in
“FIGURE 6 can be removed with some deterioration of
.. broadbandedness but with substantial broadbandedness
_ remaining.” Then, balanced transmission lines are prefer-
" able, although a coaxial cable conneccted along the pe-
riphery of the teeth of one side to Ihe apex could also be
" used to feed the antenna.
FIGURE 8 illustrates an ommdlrectlonal form of the
.. invention. With an oversimplification of statement which
will be realized shortly, FIGURE 8 comprises two an-
tennas of the type shown in FIGURE 1 positioned in
-'space quadrature. The oversimplification referred to is
" that such two antennas do not have corresponding teeth,
That is, the quadrature plane antennas have their teeth
differently placed. A picturesque manner of describing
- the posntwnmg of the teeth of each antenna half-portion
. 110 and 111 in FIGURE 8 is to:say that the teeth of
cach provide a spiral staircase leading to.the antenna ter-
~minal 112. The spiral effect is shown in FIGURE 9,
.- which shows a logarithmic or equiangular spiral devel-

- oped on a cone. Thus, one would have an antenna of

the type in FIGURE 8 by passing two transverse planes
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While theorehcally the splrallmg can extend to infinity,
in practice, it must be ﬁmtely terminated. Thus in FIG-
URES 8 and 9, termination is defined by planes trans-
versely intersecting the center-line of the half-portions 110
and 111 at points equally distant from terminal point 112,

FIGURE 10(A) shows an end view of the antenna of

FIGURE 8, which provides an omnidirectional-type radla-
tion pattern 91.

Half-portion 110 includes four radial members 121,

122, 123 and 124 shown in FIGURE 10(A), which are

fastened together along the center-line of 113—114 that .

passes. through both half-portions. In the same sense,
there are two radial members on the opposite sides of
center line 13 in FIGURE 1 to define half-portion 10.
The same situation is found in each half-portlon in each
of FIGURES 1-9. A radial member thus is confined
within an angle

2

from the center line of a hali-portion. Similarly, half-
portion 111 includes four radial members 131, 132, 133
and 134, Each radial member is included within an angle

2

from the antenna center line, as shown in FIGURE 8.
In obtaining the spiral-staircase effect, the -outer edge of
any two adjacent spiral-related teeth, not being cut off by

the bounding planes, such as 110¢ and 110d, have their
respective outer sides defined by the expression:
Brs1__ T
1 P adnhad B LR
T T mell (4)

Hence, distances Ry and Ryy; in expression 4 from a
transverse plane passing through a point 112 are given
by Ry and R, for tecth 110c and 1104, Similarly, ry
and ry,, are taken from the inner sides of consecutive
spiral teeth to satisfy expression 4. Also, the center-line
distance ry and Ry of the inner and outer sides of amy
tooth from point 112 will also have the fixed ratio given
in expressmn 2 above, and the special case of expression
3 can like wise be satisfied.

Antenna portion 111 is formed in the same manner as
portion 110 except that the spiralling goes in reversed
directions for the respective half-portions 110 and 111
Iooking from terminal point 112, Nevertheless, portion
111 is twisted 180" with respect ‘to portion 110 about

their center-line. Thus, tooth 1105 corresponds to 1115,

tooth 110c¢ corresponds to tooth 11le, étc., with cofre-
sponding teeth- being on opposite sides of the common
center-line.

Due to the 180° reversal about the center-line of an-
tenna half-portions 116 and 111 with respect to each
other, the two half-portions are not antenna images of
one another, Accordingly, one half-portion cannot be
provided over a transverse ground-plane through point
112 1o obtain the same omnidirectional-type response
w;]hnch is obtained with the two half-portions-disposed as
shown.

Although there are four radial members used in each
half-portion of FIGURE 8, actually. any .number greater
than two can be used, and the same rules apply for pro-
portioning adjacent teeth in thie spiral-staircase manner.
The dimensions of an antenna having m number of ra-
dial members per half-portion can be found as follows:

1_ Bxw__ren
fm RN —rT (5)

Where three radial members are used in each half-portion,
an end view is shown in FIGURE 10(B). Extending the
rationale to five radial members per half-portion, an end

view is given by FIGURE 10(C). ‘This can be extended

118 and 119 along the axis of the'cones in FIGURE 9. 75 to any number m of radia'l'n;en::lbers with the ultimate




limit bcmg the spxral-grooved cones of FIGURE 9 as the
number m approaches infinity.

The ommdlrectlonal-type patterns such as patterns 91,

92 and 93 in FIGURES 10(A), (B) and (C) are sllghtly
distorted according to the number of radjal members used
per antenna portion. - However, this deviation from a per-
fect omnidirectionality is generally small and not gbjec-
tionable in practlce, while at times has definite advantages.

FIGURE 11 is basxcally the same as FIGURE 8 except

that it is made of wire network which simplifies construc-

tion. in many cases.. Thas, the individual radial sections
of FIGURE 11 are outlined by wire to form the toothed-
configuration of FIGURE 8. The transverse rods in FIG-
URE 11 do not intersect the coaxial cable 114, but merely
fasten to its outer conductor, Ip practice, the Tods are
continuous and coaxial line 114 ‘and center-rod 113 lie
ina corner .of their cross-over planes. The center-con-
ductor 128 connects to the apex end of rod 113, which
can be a solid conducting rod.

The aiitenna, network of FIGURE 12 isa tnangular-
toothed version of the form in FIGURE 11 and has simi-
larities to FEGURE 5. Accordingly, the variation from

8 079,002
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" more, thé radlanon ‘H-vector is parallel to the z axis, and :
~ the xz plane is called the H-plane. '

‘When angle ¢ is decreased from 180° toward zero w:th

all other parameters remaining ‘constant, the -beam-width .

151 of thé E-plane pattern remains substantially fixed.
However, the beam-width' 152 of the H-plape pattern in- -

. ‘creases in beam-width., Fuorthermore, the front-to-back

10

ratio increases. The H-plane vanauon is a first order
effect with variataion of ¢.

When angle « is decreased with all other parameters
remaining constant mcluding angle ¥, there is a small
second-order decrease in E-plane beam-width 151, How-.

- ever, there is a first-order decrease in H-plane beam-width

15

2

11 and 12 ls similar to the vanatxons from FIGURES 4

to 5. :
In regard to the three-dlmenswnal structures given m_
.FIGURES 8 through 12, jt"was stated above that -0p-
posite half-portions are.not images. However, when ‘the
entire antenna_assembly havmg both “halves is erected

25

over a. ground plane, the image of the entire antenna is

view in the ground plane and this does not interfere wnh
the radiation pattern, .

FIGURE 14(A) illustrates a rounded-tooth version
of the form.of the invention given in FIGURE 8. FIG-
URE 14(A) differs from FIGURE 8 in that in FIGURE

14(A) the edge of each tooth is a segment of a circle
about termmal point 112, Thus, dimensions Ry and ry
in FIGURE 14(A)"are taken from point 112 of the an-
tenna to :any pomt along a -respective tocoth edge. An

30
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1mprovcment in-.the omnidirectionality of the radiation -

pattern was found in the rounded-toothed version of FIG-
URE 14(A) over the previously straight-toothed versiont
of FIGURES 8, 11:and 12. Thus, the circular radiation
pattern 94 shown in FIGURE 14(B) is- Obtained about
an end view of the :antenna given in FIGURE 13(A).
FIGURE 13 illustrates a modified version of FIGURE
1. Unlike. FIGURE 1, where all the tecth have theit
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inner and outer edges perpendicular to cenfer-lines 13 and . )
14, thé teeth in FIGURE 14 have their outer and inner -

sides 22 ‘and 21 intersect center-lmes 14 and 13 at an
angle 5. “The points of intersection of the tooth edges
with: the ‘center liné are determined in the same manner
as was given for FIGURE 1, That is, the points of inter-
section are .determined by expressmns 1 and 2 above.

Otherwise the antenna in FIGURE 14 is the'same as that -

shown in FIGURE 1, and a corfesponding radiation pat-
tern is obtained. The angle & may be ‘proporticned as
desired, but better performance is taken if thc teeth drop
toward terminal point 12.°

FIGURE 15 illusirates the forward radiation lobe of
the antenna. There will also be a backward Jobe, not.
shown here. The backwatd lobe is equal to the forward.
lobe only when angle ¢ is 180°. As ¢ decreases, the back-
ward lobe decreases, and accordingly the front-to- back
- intensity ratio increases. Thus, by making ¢ small, the
back lobé is made ‘minor in comparison to. the forward
lobe, and .can be madé to have an intensity of twenty
or thirty decibels: bélow that of the forward lobe. -
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152, Nevertheless, there is. a practical limit to decreas-
ing _angle « without increasing =, ‘The limit can be speci-
fied “approximately by referring to a parameter « which .
relates tooth width S to tooth length L, shown in FIG-
URE 15, according to. the following expression: -

- (ﬁ)

=

-1t has been found deslrable to mamtam . equal ta or less
“than 0.6.

If the tooth-spacmg rauo + of cxpressnon 1 above is
increased  ‘while all- other parameters remain fixed, the
number of teeth, of course, increases for a given sized
antenna. As-a consequence, both beam-widths 151 and
152 in the E and H-planes,. respectively, decrease in a
srirflall correspondmg amount whxch 1s a second-order
eftect .

Although thig invention has been descnbed with respect
to particular enmibodiments thereof, it is not to be so lim-
ited as changes and modifications may be made therein

" which are within the full intended 'scope of the mvenuon

as defined by the appended claims

We :claim:

1. A stralght-toothed Ioganthmlcally penodlc antenna
comprising ‘two half-portions, each comprising two oppo-
site radial members connected along the central part of -
their half-portion, the two half~portions bounding a solid -
angle J and being generally triangular in shape and hav-

‘ing adjacent apsxes, each of said radlaI members’ bemgA

bounded by an apex angle
: o

frcm a line along the central part of either hatf-portion,
first ard second center-conducting members respectively
extending from the apexes to the ends of the respective
half-portiens along their central parts, each half-portion
having a plurality of rods cross-connected to its center-
conduciing member and termlnatcd by the bounds of its ~
angle

&x .

. .
connecting means provided at the ends-of said transverse_
rods along the outer boundanes of each angle ’

-

2 .
of each rad1a1 member, respective teeth closed by said
connecting means, the connecting means on opposite
radial members cf each half-portion being staggered with
respect to each other, the distances along a radial from
the -apex- of ‘said - transverse rods of each radial member

i bemg a geometric sequence,: and a transmission line hav-

Antenna 150 in FIGURE 15 s illustrated with respect

to x, y and z coordinate axes. These axes intersect at
the apex terminal pomt 12 of antenna 150.  Thus, axis
- x aligns centrally with the entire antenna structure to. bi-
sect angle . Axis’ ¥ is parallel to the transverse rods of

70

the antenna, which is of the type shown in FIGURE 4..

The radiation E-vector is parallel to the y axis, Accord-
mgly the xy plane wxll be called the-E-plane. Fu:ther-

75

ing opposite sides connected to the respecuve apexes of
said two half-partions. :
2. Anantenna as defined in clanm 1.in which the dnam— :
eters of said rods-are proportloned to theu' distance from"
their ‘apex.. : .
3. An antenna as' defined in claim 1 m whxch alternate
rods of each half-portion are parallel
4 An antenna as defined in claim 1 in whlch both
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-antenna haIf-pomons and their radial members lie in

the same plane.

5. An antenna as defined in claim 1 in which a plural:

ity of rod portions comprise said connecting means, with

said rod portions of each radial member being aligned. -

6 A trlangular-toothed logarithmically periodic an-
tenna comprising opposxte antenna half-portions, each

half-portion being in a respective plane and having a -

generally-triangular shape, said half-portions having ad-
jacent apexes and being bounded by .a respective apex
‘plane-angle e, the respective planes being oriented by a
solid-angle ¥, a respective conducting center-member pro-
vided with each half-portion and positioned along the
bisector of its angle «, a plurality of rods connected across
_said center-member of each half-portion, adjacent rods
connected at their ends along the boundaries of angle «
and there terminated, alternate rods being parallel, the
distances from the apex of each half-portion to the oppo-
site ends of each of its'rods havmg a geometric-sequence
ratio o.

7. A three-dimensional stralght-toothe.d loganthnu-
'cally periodic antenna comprising two opposite half-
portions which are aligned along the same center-line,
each half-portion triangularly tapering to an apex, with
the apexes of both half-portions being closely adjacent, a
“transmission-line having opposite sides connected to the
““respective apexes, each half-portion having more than
two radial-toothed members symmetrically connected
along said center-line, the teeth of each member extend-
ing outwardly from the cehter-line of its half-portion,
each radial member having an apex angle

i ]

2

with respect to its center-line, the teeth of said radial
members of each half-section aligned along a conical
‘logaritbmic spiral beginning at the respective apex of
each half section.

. 8. A three-dimensional penod;c antenna as defined in
claim 7 in which the thickness of the radial sections in-
creases linearly from the apex of each antenna half-
portion.

9. A three-dlmenmona.l periodic antenna as deﬁned in
claim 7 in which said teeth are formed of rods located
along the periphery of said teeth, a respective center rod
posmoned along the center-line of each of said hali-
portions and connected to transverse ones of the rods
forming said teeth.

10.'A three-dimensional logarithmically periodic an-
tenna comprising a pair of half-portions aligned along a
common ¢enter-line, each half-portion formed in the same
mannper as the other but one rotated 180° about the cen-

. ter-line with respect to the other, each half-portion having
_an apex, with the apexes being closely adjacent, a re-
spective center member of each half-portion passing along
its center-line, more than two radial members provided
in each half-portion and being symmetrically disposed
- around their center-line, each radial member having a
triangular shape and a common apex, each radial mem-
ber bounded by an apex angle of

o«

2

measured from the center-line, a transmission-line having
- opposite sides connected respectively to the apexes of said
antenna half-portions, each radial member comprising a
plurality of triangular teeth positioned transversely from
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12

said center-lme, each of said teeth having its outer snde
bounded by angle

2

the teeth of the radial members of any one half-portion
arranged along a conical loganthmlc spxral from the apex
of the half-portion.

11. A triangular-toothed three-dlmensnonal -antenna
as defined in claim 10 in-which each of said antenna half-
portions is formed from wire aligned with the periphery
of said teeth, a central wire being provided along the
center-line of each of said half-portions and connecting
to the wires forming its teeth that cross said center-line.

12." An’"antenna- as defined in claim 11 i which four . .

radial members are provided for each antenna half-
portion.

13. A three- d1menswual rounded—toothed loganthmx—-"r

cally periodic antenna comprising two half-portions sym-
metrically aligned about a center-line passing through
said antenna, with each half-portion having an apex, and

-said - apexes being closely adjacent although separated

from one another, a transmission line havingopposite
sides conpected to- the respective apexes, a plurality of
more than two radial members comprising each half-
sectlon, -each radial member being generally triangular
in shape and having an apex at the apex of its antenna
half-portion, with each rad1a1 member ‘having an apex
angle of
[ 4

2

a plurality of teeth formed in each radial member, with
each tooth having inner and outer sides which are gircu-
lar about its apex as a center, the teeth of each-half-
portion arranged to form a comical logarithmic spiral
from its apex, the distances of adjacent sides of adjacent
spiral teeth having a fixed ratio =, the opposite antenna
half-portions being formed in the same manner but being
;otatecl 180° wnh respect to each other about the center-
ine

14. A curved-tooth three-dimensional antenna as de-
fined in claim 13 in which each half-portion includes four
symmetnca]ly placed radial members.

Refer 1ces Cited in the file of thls patent
UNITED STATES PATENTS

2,480,154 Masters — e Aug. 30, 1949
2,656,463 Woodward . __ Oct. 20, 1953
2,712,602 Hallen oo, July 5, 1955
2,737,656 CUMMINE oo Mar. 6, 1956
2,780,808 Middlemark _______ . ___ Feb. 5, 1957

. OTHER REFERENCES

'Broadband Logarithmically Periodic Autenna Strue-
tures,” by DuHame! and Isbell, 1957 IRE National Con-
vention Record, Part 1, pages 118-128, March 18, 1957,

“Frequency Independent Antennas,” by Rumsey IRE
(13905:17vennon Record, Part 1, pages 118-128, March 18,

“Logarithmically Periodic Antenna Desxgns ” by
PuHamel & Ore 1958 IRE National Convenuon Record,
Part I, (March 1958), page 140,

Book, Very High Frequency Techmiques, comphed by
Radio Research Laboratory of Harvard U., McGraw-
Hill, 1947, vol. 1, pages 2 and 3 relied upon. .

-

<




SBQ

| :characteristics of the antenna such as the pattern and input impedanoe vary

.I negligibly over a band of frequeneies within the design limits of the antenna
.and this band may be madearbitrarily wide merely by properly extending the g

.'I;geometry of the antenna structure - The band limits of a given design are .

.'determined by nonmelectrical restrictions ize governs the low frequency

.I“;antenna which leads to a 51mplified picture of the mechanism of radiation ;;”
fronm these typeaof'structures-. Graphs and nomograms which enable one : to .
'H.design a log periodic dipole antenna over a range of the parameters that A
s control th_e input_im_pedanc_e," bandwidth,; ga_ini;, and_ antenn_a size a_re_'_als_o__ o

”-;presented;

AN ANALYSIS OF THE 1.0G~ PERIODIC DIPOLE ANTENNA

R Robert Carrel _
fﬁ UniVersity of Illinois
‘Urbana, Illinois .

UNITED STATES E!!STR!CT COURTI
NORTHERN DISTRICT OF TLLINGIY
' BEFOREJUDGE HOFFMAN

SR DEFENDANTEX NO .
SR INTRODUCTION DQROTHY L. BRACKENBLRY. *-..
: _ ' .o_FFlcrAL COUR-T REPORTER

The log- periodic dipole is a 1inear1y polarized frequency independent

' nntenna of moderate gain, By frequency independent we ‘mean that the observable S

{

1imit and’ precision of construction governs the high frequency 1imit

This paper presents a mathematical analysis of the 1og periodic dipole

2. DESCRIPTION OF THE LOG-PERIODIC DIPOLE ANTENNA

. The LPD antenna, shown in Figure 1, eonsists.of a“plurality of parallel, .

'uIlinear.dipOIes arranged siderhy.Side'inIa-plane.; The lengths of - the dipole
I{:elements and - the Spacxng between elements form a geometric progr6551on. *Thegf;;fgf

~ common ratio T is-defined in the figure. The spacing factor o is. defined as ﬂfq"‘

the.distance_in wave lengths between.afhalffwave~dipole”and itsanext_smallerftfl N

% Presented at the 10tk Annual Symposium on the USAF Antenna Research and 4f

Development Program, & Oetober 1960 f'
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-“__;;15 within the design limits, the feeder currents behind the longest e1ement'

ﬂ-'neighbor.h'o is related to T'and a byog= 1/4(1-7) cot a. The elements'are
: energized from a balanced constant impedance feeder adJacent elements being :

" connected to the feeder in an alternating fashion, _The antenna may be fed_by':

‘-fire in the direction of the shorter elements | When the operating frequency

'lﬂare negligible' hence, the termination has 1little effect

3. FORMULATION OF THE PROBLEM

IR,

The LPD antenna was invented by Isbell1 at the UniVersity of Illinois

-l'in 1958. ‘At that time he speculated that since the LPD is made of conventional

. periodic dipole antenna.

the purpose of simplifying the analysis. Determining the unknown fields of

the dipole elements constitutes the exterior part of the problem S In this part
:_we are primarlly interested in: the far field radiation pattern produced by the
currents on .the elementa; The nnknown voltages and currents aiong the feeder
:COnstitute'the'interior.problemn_ Since the_tranSVerse dimensicns of the feeder
are‘small compared to wave length its.principal function is to guide and
distribute_the_energy.to.the:radiating elementsu ‘The feeder furnishes us with
- the circuit prqperties'of.the:antenna: imnedance;;voltage, and current.  Thus

~ circuit theory techniQuesfean'he'used in the treatment of the feeder.

" In the 1atter method, the antenna becomes its own balun nadiatian"is“ena;.b-

'of'dipoles{' This paper presents the first mathematical analysis ‘of the 1og-

a balanced line connected to the small element end, Alternatively,'a coaxial”éﬁff
©. 1line running through ohe of the feeders from back to front may be used, thegg;f:;= '

..center conductor being connected to the other feeder as shown in Figure 2};73¥3Qiff

"dipole elements, it may be amenable to analysis in terms of the known properties qﬂf

Theapproach is taken. that the antenna may be divided into two parts for ::}ﬁi;lff
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."ffo T, and 4 which determine the spacing, and N

4 THE INTERIOR PROBLEM

.insofar as_the‘interior problem'is.concerned the connection of the diooie=fgiﬁfi
'i elementsvdth the feeder is equivalent to the parallel connection of two N o
.‘tarminal-pair circuits.' One circuit consists of ‘the feeder with alternating,?f
.' properly-spaced taps which represent the terminals to which the elements are
- @ventually”attached. The feeder circuit is shown schematically in Figure‘Sb.ﬁfﬁ
.;iﬂote the inclusion of a terminating impedance ZT_ “2& is nrnirrary and_cén.heét;ffr

"varied to test for end effect. The parameters which-describelthis cirCuit:fff'L s

) nre;'jb; the feeder characteristic impedance, B the feeder propagation constant
. do R o L _

' Consider the admittance matrix of the feeder circuit YL and its inverse

YZ.‘L yzz yzs

0 Yaz V33 Y34

. ?L is given in'more detail in Appendix A, It becomes evident ‘why all the elements
. off the diagonal by two or more are zero when we consider that yiJ is the
current in terminal i due to B unit voltage at J, all terminal-pairs other than

3 being shorted ' The short circuit restricts current flow to sections of line

o,




'*.'.adjacent.to7the’terminals to whichﬁthe:voltage'1e;applied; The yij's are .
'T'ltrigonOmetric functions."Note'the convention fdr'the_directiOn_of;current:

: f.nnd voltage at the terminal—pairs | S
| The fields of the dipole elements determine thehdrivlng_polnt;impedanceefi;;ﬂ-

S of the elements which shunt the feeder; 'The circuit:properties:of the'elements

B ST

_""f“‘f“'“'*’f“'“f“yNNJ'f |

f

r

The Yij's represent the element . tc element coupling, the range of which extends e

throughout the antenna.

The y! s are complex functions of T, o,_hl, and a/h

. the radius to height ratxo of the dipOle elements The method used to determ1ne a1

B

N the y s depends on an assumption of the form cf the current on a dipole. See

Appendix B,

A

=t

‘The following relations obtain: -
B R A T TR T

hfuhere Land VL are column vectors which represent the N driving currents and

|
~.response Voltﬂges re-pectively of ‘the’ feeder circuit...Also,-' T P AP : \

= A;thé'f"‘hh:'fh'.____” R

whefe‘TA and VA are column vectors which represent the N driving currents and

response voltagee of the element circuit If the correSponding terminals of




the feeder and element 'E;i:fcuits are connected in parallel, a new circuit is
obtained as shown in Figure 3c. The résbbnsg voltage vector 18 equal to'either -

ey _ _ v  vector of
circuit is now the _éﬁm of TA and '_Ti"'due to conservation _'df"-jéﬁri'énf ‘at

1t equations  (3) and (4) ; a_ré added, =

. since they are equivalent ‘The driving gurreht' vector of thel{n_e‘:_ﬁ_::'_'_‘

B Wt S S

no
]
+

V -.zié_ set equal .t_'o_:‘-V..A ai_‘.i_d:fécfdred,.. '

¥e are interested in TA' i:_th_er_mbéée

T

T= @+ T ENT,

where U is the unit inat_rix. The_'eléments 'of_ "f repfééent the -ir_zpﬁ't cur_re_-nf.s

to the new ci:'r'_'c_l_.li_f of 'F_"-igure S‘b_‘.; _H.o'wevéz", ;I.n the‘actual 'antennfé. all ‘thrése'_
currents are zero excep:t__"_-f'thécﬁftehf' a_i:"_.the feed poj;nt' which is the .._'c'lriv‘in_g'-'

cu_x'i-ent of"jphe'j_é;_nténn' : we may- se__t,ﬁ the driving .é‘dx_‘:'_;jé_ﬂt'fét;uéa_.l_.'ﬁ‘tg; ‘one. ampe"r'e.:

Therefore,
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ST M T

f_The coordinate system used is shown in Figure 4

o . K T . . B g H .‘. : ‘.
‘Bquation (8) must be solved for I,. This can be done by inverting the
matrix T,

L A’

‘or by solving directly the set Of Simultaneous equations posed by (B) The
.‘1ntter is easier to do in terms of computer time and accuracy due to the ﬁ;_. :

::simplicity of 1. Once I 15 determined, V., can be found by

- TA A

- vA=_ZA IA | = . (11)

‘Note that the Nth element of V is the voltage across’ the smallest dipole--“;:

.; 1t 1s also the input impedance of the entire antenna since we assumed one

ampere of input current
5. THE EXTERIOR PROBLEM

The far_field.radiation pettern can be calculated once the element base

. currents IA are known, using ordinary array theory. ;Tne_megnitude_ot“tno{gf:'t_gf

,:plane pattern is given by

N 1. (l-cos Bh )
o An _
n=1 .sin'_Bhn

.IPH(¢°l =

a The'magnitude of the'E-piane pattern is EiVentby.*'-'

o1n6 gf iAn{eos(BhHCOSB)-cos Bh. ]
n=]1 __:SinB.h

IPE(9?¢5’ =

;gﬁfis“thejqistanceifromithegt

origin to ‘the" nth element

T=0+% 7, = __ﬁr«‘hm ;:

n__exp (erféxal cos 9 ' _: | . Gz

- exp(-3B | x, | 100 cos®)| (1)

i T R S

[FRXT Y )



system

: LPD :p_a_t‘l_:'err'x'_: qodrdinate

. Figure 4.




“”fcrty bit. words) the program was split into six different parts, each stored

‘*'on the slow ‘access magnetic drum (capacity 16 384 forty bit words). They are*

- which is. translated by a teletypewriter. The patterns are calculated point by

| 'u'point and are plotted by the ILLIAC on a scope to which is attached an automatic

11

6. - THE COMPUTER SOLUTION

The above formulas were programed in complex number arithmetic fcr use

=flof the ILLIAC, a high speed digital computer operated by the University of
Iilinois Graduate College.. Because.of the large amount cf intermediate results

which must ‘be stored in the: fast access electrostatic memory (capacity 1024

't”fip?fl.; Input: The descriptive parameters of the antenna are read into”ILLIAC

g Computation of-zA w.:zf--;f

1d:3; 'Ccmputation of Y

4.“‘Matrix multiplication cf Y Z and solution of I E;TA

LA

= V and output V

' 5.‘_0utput IA’ multiply Z i

A

6. Pattern calculation and scope display of patterns.

A control program calls each section into play as needed,.

The input and basic output of the, computer is by perfcrated paper tape

© . 35 mm, .camera, The camera takes a picture of the ccmpleted pattern and

:ladvances the film.into position for a new exposure. The details cf the

:l'programing are not of general interest and will he cmitted.

=7:?'ﬁnsuLTs OcherUrArons AND MEASUREMENTS

R W Patterns‘

Figure 5, 'fjfdenotes the

An example of the computed patterns is shcwu in

_freque_n(‘.y’ R e -

(14)
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where.f1‘is:the'frequencyfet“which dipole number one is a half-wavelength. . .
':.1ong. -

Frequency independent behavior is observed over the design range of the *

nntenne; Several of these'patterns are'cempared to the measured pstterns
i_1n Figure 6. In_every'case, the measured patterns exhibited.smaller ﬁ-plane
'ibeam width and larger E—plane'beam width than the'celculsted patterns, - Pettern;:
break-up is. observed at. fs, the high frequency limit, -Other patterns showe ﬂ
that the directivity depends only slightly on the feeder impedance-.increasing
rfeeder impedance somewhat decreases the gain. Figure 7 shown that the gain can
:be increased by incressing the radius to height ratio of the elements. This
is due to a widening.cf_the active region by the greater bandwidth of the
'.individuel elements, fAt present{‘dataris heingJeellectedktegextend the directitiffﬁiﬁi
t:data.over the'range'cfgthe‘variables T and a.: I | i G

. B, Input Impedance

A typical locus Ofcelculated input impedance versus frequency on a Smith ;:ﬁ

chart is shown in Figure 8. The points cluster around'a.mean resistance 1eve1

Ro’ To determine R o’ “one- draws a circle around the cluster.t Its intersection i

with the resistance exis determines the minimum and maximum swing of resistance:;;

'":R 1s then given by | f;fm:jfg_f . o L g_ﬁi;:. - '
”"i ?6'= Vfﬁ;;;—ﬁgz; o

"_The standing wave ratio with respect to R is given byﬁihff;ﬂ.5

SWR =

A plot of R and SWR es a function of feeder characteristic impedance is given fjrﬂh;w

. n:Figure_Q. Several measured points are also shown.” The mean resistance level'h
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| :'1', aline_st 1inear13; ._related to the feeder impedance, a fact which is useful in
the design _cf 't.hes'e antennas '_forr parti.cular _ahplications-;'.' The trend for'.vari"ous_
.. qaluﬂs of T and a is being established Some calculated results are shown 1n
ngure 10 These values agree with those published by Isbell 5 ln which R

'decreases with increasing T and increasing &

'€, The Transmission Wave. =

" The mechanism of the transfer of energy from the feeder to the radiated

: '.Helc.l leads'one to 'co'ns'ider two types of waves on the structure, as first pointed

out by Bell Elfving, and Franksz.[ a _One'wave travels along the feeder in the:
. 7 axrection of the 1arger elements.i This is call’e‘d the transmissio'n Wave.

The other wave travels from the act1ve region to and beyond the tip of the
antenna. This wave 1s called_ Kt'he radiation wave becauee it manifests 1tse1f-
- in ‘the radiated fxeld
o As the energy is’ launched from the feed point onto the small element end.-

:: .ot the ant'enna,- a TEM type‘ wave 1is set'up,’ supported by the feeders and _the

. mﬁa_ll elements which load the feeder ‘log-periodically,

This transmission

ilne mode is evidenced by the voltages V. along the feeder, (v

'lraasmissi'o.n 1line volta_ge. V.. differs from V, ‘by an additional (180 phase

is the true

A plot of

.'ln;_every. other element .due to ‘the alternating feeder connection)
the measure.d magnitnde of ft_.jhe feeder voltage is shown as a function of normal-
1zed distance fron the _aipe':':. in -Flgdr_e 11, 'I‘he'c‘alcula‘ted voltage V. at the.
locatien of each é‘xéméht is also"plotted The results are-in. good agreement

] _ The plot shewa a steadily decaying voltage away from the feed point to the

ahort circuit Which terminats the feeder beyond the largest element. . The

"phase measurements are yet to be completed The calculated phase variation 1s

n
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Sy
Jhown in Figure 12, yielding a phase change linear with distance. The slope of -
';'his'curve' is related to 'the_re_lsti"_v:'e epnerent velocity of propegation 6 ;

5 =

s

O

shére v, is..'the apperent '-phase'v'eloei'ty- of the tre'nsmission' 'wave and. vc is the :
yelocity of light in the medium 6 is a function of the feeder impedance as

,hown in Figure 13 The slow wave nature of the" transmission wave. has been

S o
verified on a different type of LP structure by Bell Elfving, and___l‘-‘ranks t

p, The Radiation Wave

| The elem.ent. bese, eurrents' IA in tn_g...region'of nelf-\ra“‘\;elength el".ement.s :
.(the .'_'actire .regi'on.") 'pro_vide' e -;ane_ctip'n between the:.transniss.i.on.-wa\.te and
ihe rsdie_tionwwave.. : The driving point_ inipe;ia_nce of the _elements -:in the .acti_ve_i
| region b_eoome pre'dominetely.‘renl.'a.s' shown in Figure_: 14, Thus 'energy -.is_' |
c_ffici_ently coupled from .the 'feeder. to.'the radiating e.l.ement.s in the a_ctive_.
region. The. element. bese currents 'in' the active region rise to a peak'- some~ _:.:-35'-:'

what ahead of the resonant element- and then drop off rapidly as shown in

Figure 15, The phase change from element to element in the active region is .

" also shown in Figure 15 The slope of the curve implies a slow wave traveling

in the end fire direction with 5= 3'78 '-'Since the element curr-ents are’ o
'direc'tl_y related to the 'rag:l__iated wav?e, _it ¢an be concluded that t_h'e'_tran"sfer" of

energy from the transmission wave to.the radiated wave has been eeconpl-ish'ed.‘
' 8. DESIGN PROCEDURE

For most applications one is usually 1nterested in designing an antenna

2 .which exhibits maximum gain over a given frequency band compatible with limita-"-:;:g_. e

_-tions on the boom length (the length of the feeder :Erom Smallest to 1argest
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- Assuming that the boom length criterion is met the gain of an LPD is

lement) and the' input impedance Other-limiting factors may be the 'numﬁér of e

[ elements and the - weight which in turn could depend on the a/h ratio. We must R

agsume. that the boom length is great enough to support a well formed active

;egion over the frequency band, - This will be. discussed in more detail later

- determined primarily by T and a, Examining the WOI‘k of Isbelll (and o

oxtensions of this work to be published by the author) We' can make'-a preé

'liminary choice of_.'r-‘-_ and-o. The spacing ratio g is then determined through
the formula -

0= -l—

4. (1 - T) cot ar (18)

T a nomogram of which is shown in Figure' 1'6‘ ' Preliminary results of extending

gain vs, T and o curves .indicate that 0 is in the range from'0,1 to 0. 15 i
for ma:d.mum gain although satisfactory performance is observed from 0 05 |
“to 0’.22. T should:‘ be greater than' 0.75 for end_-'-fire _frequency indep_e'ndentp
' patterns | | | | | '

The bandw1dth B and a determine the boom length relative to the 1ow

frequency wavelength through the formula

: XIL—% % (0,47 - e (19)

max

where B is the bandwidth ratlio, A nomograph of _Equation 19 is shdwn. in.

Figure 17, Equation 19 is a semi-empirical formula, 'based on an antenna
whose active region must co'n'tain'an element 0'47 3\. long at the low frequency

band 1imit and an element 0,38 )«. long at the. high frequency band limit,

For T greater than 0, 90 the SN
\ : R

at the high

This formula applies to _mid-range' values _'of "r,_
active region myst contain'"an element shorter than 0. 38 ). n
L/k

frequency band limit must be at least 0 5 for satisfactory operation
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" -go a: read'Justment o:l’"r. 'and"d may be necessary. Once T and a’ nave been settled

| lho number of elements can be determined from the :fo:-mula L

X = ) 4 Log 1,237 B.‘ ao

log T
qhich is baszsed on the same assumptions about the active region as formula
'-19, A nomograph of equation 20 is shown :Ln Figure 18 |

An approximate formula for the mean resistance level R hss been found
uhich agrees Within + 5% of the measured and computed results to date Its
dcrivation is based on the assumption that the small elements add a. constent
cnpacity per unit length to the feeder in the transmission wave region of
the antenna. : Once 0 and a/h is determined the formula can be used to |

will yield a. given R

Cwieoo

determine the feeder characteristic impedance 5/ which

SR & 01 \/1_.+_ 640";'?-Zi ay

8o’z .
. a
where

o

s a mean spacing factoﬁ‘ aﬁd

R .1_20_(‘1n£# - 2;2_5') e : :-.(_23_)-.

a
is an average characteristic impedance oi‘ S short dipole as & function of the
dipole ' thickness ratio a/h The derivation of Equation 21 is given in

::_ Appendix C. Values of R according to Equation 21 are plotted as small -

circles in Figure 9
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Thus we have the formulas needed to design a log periodic dipole antenna

-:_31ﬁ33

sihce they allow onhe to work out

7 ﬁw uaaographs are particularly uSeful

In the :future

g ] m»?‘ proliminary designs w1thout resorting to calculations. _

Y “My will be made which will hopefully 1ead to a simple formula for the

14

" APPENDIX A. ELEMENTS OF ¥

The admittance matrix for one section of transmission line of length d
‘anagation constant {3 and characteristic admittance Y is
iy '.,j YO-_csc'[Sd

= J Y CDt.ﬁd'.

412,
no

¥ g admittance YT as shown in Figure 3b the following matrix results. .

R T

-.‘.1.‘1.0.. cs.c__l.ﬁ_dl‘i- ;:_:- -—,JY (cot {Sd +cot{:__[3d ) . "JYOcscﬁdz g

ﬂtliaéyo(cqﬁf?qéfé?ﬁipas);wwgg;iq.1i

§f I the terminating admittance has been added in yll
. -:i

shown in Figure 3b.

-mdmg wave ratio with respect to R as a function of antenna parameters.

. 1s the admittance matrix o:t‘ the cemplete N terminal-p‘air' feeder 'circuit' as"yf'_; SRR

B R N - ol e = 0 - i 8 O R S




APPENDIX B, ELEMENTS OF Z, =

The self and mutual impedances are calculated according to the formulas

af Brown and Cox3 as reported by King4. The following approximations are
gado:
"1, 'The elements are infinitesimally thin in the caleulation of mutual.
wwdances This means'.t'hat'the cur'rent.a‘t a cross section.of' the actual

gﬂpole has been replaced by an average current concentrated at the center of

ke cross-section.

3. A sinusoidal current dismpufimi is assumed .o:\.?er-_tl_ie length of .the
;ﬁxpulc.'- Th'is-. 15' a.vnlid aésumption as.long'as-‘tﬁé dipole is reascnably.les’s
ﬁzan 8 full-wavelength lcng, the accuracy being greatest for half-wave and
shorter dipol_es.__ We can ensure’ accuracy by always operating the computer
wdel antenna at frequencu'ac for .which; no qul_l wave dipole exists. on{ the”
.i,-lructure. | |
" 3. The mutual term involves c-nly the.two elements considered, i. e " the
.ntervening .effects of neighborlng.elements are neglected |
4, The self impedances are calculated-fr'om t-he same formulas ‘as' the
wtuals- the spacing 1s set equal to the thicknese of the dipole

After rearranging the formulas of King ‘we. obtain the complex

ronjugate _of Z 12

12 cos z_ - cos z

s [ it x, 4'K'u1f “xy) w e Gy - kel < Kw)

+e 2 (Ku” = Ku, - Kw ) + @ 2 (Kv = Kv

i
|
{
|

+cosz)]

L Kyl) + ZKz(cos zl

(26)




u = {3_ [ /d ¥ (_hl + h2) _.

h, + 1))

=g [ /a4 ®, +5)% 4 b 4 )]

uo = ‘3 [ ‘/d * (hl . h2) :

vzo=pa

shere P 1is _thé -_f're'e space propagation constant d is the separation of the

£ o dipoles, and hl-:' and By

% are the half lengths of dipoles one and two
2 respectively.— S | |




" APPENDIX C, APPROXIMATE FORMULA FOR R

!t is an established fact that ‘the standing wave ratio with respect to

B ﬁ of s vell made LPD is small, usually 1ess than 1, 4:1, The small standing

| wﬂ# rntio is observed no matter how severe the front truncation, as 1ong as '

w!l-formed active region remains. on the antenna. _ These two facts - suggest '

EEl lhe observed Rd is actually the characterist_ic impedan__ce__; of a transmission";_

: $ine made up of the feeder and the small elements, ‘and that the act_ive'fegion__
| 55 8 good match to this transmission line

It we c0nsider the capacitive loading of the small elements, we note

g!u;t the capacity is proportional to the length of the elements and that the
';pnclng dJ of element J is- proportional to the length of element J As e
'gu npproximation then the. capacity per unit 1ength is constant Thus wen .
.sdd to the nominal capacity per unit length of unloaded feeder a term which i

npresents the capacitive loading of the small elements Consider the

approximate :Eormula for the input impedance of a dipole antenna,

7= - J Za .c.ot Bh ... ‘ .(.28_)' L

by i PR R T

3 _zn is‘_an '-average___charactei-'istio_'.i'mpedance of the dipole'."'::; e

Za = 120 (11'1 Py 7.2.25.) . - : : : (29) ‘

This is Jordan' 55 modification of a i"ormula from Siegel and Labu56 If the I

dipole is small <) is the free space propagation constant . We may also

replace’ the cctangent function by ita small argument approximation :

e




- frerefore the capacity of the n-th dipole agtven by

¢ - -dipolé‘ n, =

the _avéi‘age g_a_hpaéﬂ:y_ per _u..n_iﬁ";l'ength is given by

e e
CACs L, nyv
AT Tengte e

_"9“."’._‘.5,.19 the velocity of light. in vacuo. . If we use the mean spacing at
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e aﬁi'Propagat_ion constant ﬁL' is given by -

"?'méi

ﬁ!}n.s w0 have a formula. for the mean resistance level R

and the propagation

mmtunt 1n terms of the spacing parameter U T and the a/h ratio

Inverting the formula to find the feeder impedance

3. :Ln terms of R

]
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- PREFACE

In January, 1964 an Applications Forum on Antenna: Research was held
at. the University of Illinois. A group.of seven speskers from other
university and industrial laboratories and five professors from the
University of Illinois Antenna Laboratory presented four days of compre-
hensive lectures on four phases of modern antenna research.  One of the
principal topics was. that of frequency independent antennas;

Recent research had indicated that dispersion data for periodic'struc—
tures can be very useful in the analysis and design of frequency independent
- antennas. ﬁAnfintroduqtory paper on the relationship between the near-
and far-field behavior of various types of waves was séheduled for early
: présentation in the Forum program and the relationships established
therein were used in the discussion of frequency independent antennas
by several succeeding speakers. It became apparent in the discussion
periods which followed these papers that most of the Forum participants
had limited background in methods of calculating, measuring and presenting
dispersion data for various waveguiding structures and relationship .
to radiation characteristics of the structures. At the request of several
of the attendees, ar impromptu informal evening sessgion was scheduled to
explore these background topics. in greater detail.  Almost half of the

70 Forum participants came to the special session and a lively discussion

continued late into the evening.

. It was felt by several of the Forum speakers and participants that .
the evénts described above indicated a basic deficiency in the background
of many engimeers presently involved in antenna research'and.development.
. The need for further information and study in this area was expressed by
- some who have been in the antenna field for many years. As an outgrowth
of these discussions the NASA Grant No. NGR 14-005-043 was awarded to
the University of Illinois Antenna Laboratory for the preparation of this
. survey report. It was originally intended only to collect and review
presently availiable data in the area of dispersion characteristics of both
- smooth and periodic struétures which may be applicable to antenna design.
 However, in an effort to better cohnect the-Simple examples . to the

present use in research; some additional computations and. derivations

iid




. were undertaken which have both expanded and delayed the report.
Unfortunately, the task of comnecting classical and recent.problems proved
to be too great to complete within the scope of the grant. Thus,'althoﬁgh
several new results were cbtained which are presented herein, there are
"still questions which remain at least partislly unénsWered._,Neverthéless,
it is hoped that this report will prove useful as an introduction to the
wave analysis of antennas and will help practicing engiﬁeers to better

understand the current literature in this area.
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PART I
. RELATION OF ANTERNA PATTERNS TO DISPERSIONanAGRAMS

. 1.1 Introduction

VIn.numeroﬁs sntenna applications values of géin\and/or-directivity

are required which cannot be achieved convehiently through the use of a

-single; simple, radiating'element,.such as & dipele. In thése instanées,

it is customary engineering practice to employ a nuﬁber of simple elements

in gn antenns array.  Those ¢lements which are connected to & transmission

. line are called "driven elements.” Additional elements may also be employed

to increase the gain, even though not connected to the transmission. line.

. These latter elements are commonly called "parasites." ' Various combinations

of driven and parasitic. elements may be used, depending upon.the application.

- When several of the elements arc drivenm, the problems -zssociated with the

design of a. feeder network become more involved.

. The analysis of the directiongl characteristics of an antenna array
depends primarily. upon the determingtion of the relative phase and ampli-
tude of the currents in the variocus elements. . The problem'of determining
these excitation cocefficients theoretically iS-Complicated by the coupling

betweeh-each element of the array and every other element of the array.

. Because of this, the theoretical analysis of antenna arrays has been. largely
- limited to arrays of few elements. However, in some cases primarily invelving

“linear arrays, it is possible tc employ a traveling wave comcept, both in

the determination of the array excitation. and for the computation of the
radigtion: patterns. . This gpproach is very useful when the number of elements

in the array is more than.a few.  The present investigation will deal with

- this approach to antenna grray analysis.

_When several elements in a linear array are driven by successive con-
nection to the same feeder; the traveling wave concept can be. applied in
bothk parts of the analysis problem, that is, to the determination. of the

excitation coefficients as well as the directional characteristics of the

- array. In Bart 1 we shall direct our attention primarily to the problem.

of the radiation patterns, and comsider the calculation of array excitation

~in Part II. . In: Part ILII, the relationship between periodic and log-periocdic

. structures is considered with emphasis on. opén structures. . Several appli-

cations to antenna design are discussed in Part IV.




ThéreforeJ for ﬁhe presenf we shall assume that the pertinent charac-'
fteristics.of the dominént tfaveling wave on the anteﬁna ﬁfray'have already .
1been determined and we shall con51der at this tlme ‘the. determlnatlon of
the dlrectlonal characterlstlcs° Each travellng wave on . the array 1s charac~
 terized by a'(coﬁplex} propagation constant, y = Q4 + Jﬁ, In most 1nstances
the arréy will behave like a'dispersive medium whéréby-theapﬁase constant .
P will not be a linear functicn of frequency., Plots of P versus radlan‘_:
frequency W (or free-space wave number k = % where ¢ ig intrinsic phase -
velocity:of free—space) are then needed for each wave, The dispersion
curves for periodic structures are often called Brlllquin diégrams. Fre~ '
_quency bands where Y is qomplex:are of great interest'in antenna applications
“of periqdic étru¢tures. “Hence, for antenna\wdfk'pldﬁshbfra versus k should
be added to tﬁe conventionél_khﬁ diagram, When several travéling waves
exist'sim@ltaneously;‘the cémplex coefficients givihg_relative amplitude'.

and phase of'thesé severai_waves are alsc needed,. HéWever,-as we shall

later show, the analysis in terms of a single wave ig many times sufficient.

1.2 Ba51c Electromagnetic Fleld Equatlons

‘The electromagnetlc fleld produced in a homOgeneous ‘medium of 1nf1n1te
'extent by an arbitrary distribution of electr}c and/or magnetic currents

is obtained by solving the inhomogeneous Maxwell's equations,

ot ~

fg,E-a— 2’ ' (2)

where E and H are complex fields-representing the electric and magnefic

eurl E=- 4 - % | (1

curl H

vectors, respectively; Eaﬁand gfare complex vector functions descrlblng
the density_of 1deallzed“ electric and magnetic current dlstrlbutlons 1n
the homogeneous space; and %f and ?f are complex numbers which describe

the medium in the sinuscidal steady-state theory.

7
7

where g, T, € and j are the electric conductivity, the magnetic conductivity,

o 4+ jwE : ' (3)

)

il

T+ jup | G

the capacitivity and the inductivity of the medium, respectively, and w is

the radian. frequency of all harmonic ¢scillaticns in the system.
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The solution of Equationsffl) and (2) which is subject to a “radiation .
condition" at great distances from a source distribution of finite dimensions

is usually expressed in terms of a pair of vector potential functions A and F.

- oY lzz'l
e - ] .
é 47 : %} (£" fr=r*] dv - ®
v,
. l. L | -._e_,Y‘ |£_£| I ’
Eeoam | A G T ®

where r and r‘ are p051t10n vectors from the orlgln cf a coordinate system to

an observatlon p01nt P and a source p01nt P, respectively, as shown in Flgure 1.
Note that |r - r'[ which denotes the magnltuﬁe of the difference vector, is

the dlstance from the source polnt P! to the observation point P. The parameter

y in the exponent ls-the 1ntr1n81c‘propagaﬁien cohetant of the medxum.

5y | @

In most cases the medium is assumed to be free-space and

= Jw e, =3 _k“ S : (8)
" The integrals (5) and (6) ‘are evaluated over the scurce reglons Vg} denoting
the volume occupled by electrlc currents and in that occupled by magnetic

currents, Once the wvector potentlals A and F are’ found the electrlc and .

magnetlc vectors are calculated from

= (curl curl A - a? + curl F‘ (9)

m
1]

curl A --l-. (curl-curl F.+J£) R .(10)

L

- H
The derivation of these solutions of Maxwell!s: equatlons can- be found in

‘several-textsl’z on- electromagnetlc theory and therefore w111 not be dlscussed

further here.

- 1.3 The Far~Zone Approx1mat10ns (the Distang - Field)

The radiation pattern of a. transmlttlng antenna represents the dlrectlonal
dlstrlbutlon of power at 1arge dlstances away from the antenna. That is, the

minimum distance from. any source point to an observatlon point for radiation

3
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Figure 1, Coordinate system used to locate observation and
source points in problem of calculating lield due to
a given source.




E

pattern measurements is much greater than the largest dimension of the antenna
.and also much greater than the wavelength. In'thié case it is possible to .
~greatly Simplify the formulas for calculation of the field,

Consider the evaluation of the 1ntegra1 {5) for the vector potentlal A

due to an electrlc current source . Using cartesian coordinates
+ /] [ .
Alx,y,2) = 9’ (x?,y',z") —;—;————— dx* dy' dz’ (11)
source PP’ ‘
where : ‘ ‘
. [(x«xv)z s omyD% 4 a1 o pp

x',y', z' denctes point- of integration (source p01nt)
X,¥,2 denotes p01nt of observatlon _
Let r be the distance from the origin of the coordlnate system to the point
of observatlonJ and let r?! be the distance to the source p01nt -85 shown in
Figure 2. If the origin is placed in the vicinity of the source, then for-

by r in the

observation points such that r >>r?, we can replace.rp '

. denominator of thersuperposition integral [(11). This_is too gross -an
approximation in the phase factor, however. When o>t PP' and OP are

v . - nearly parallel,-Whence_the-difference in.their lengths is simply the
projection of OP' on 550. Let g be a unit vector in the direction from
the origin O to the observation point P énd rt be.a;position vector from

the origin O to the source point P'.  Then
A . ' ' -
STy = I =T ort L {12)
The vector potential in the distant field is approximately given by .

oI k(f « r0) | | |
é(x{y)Z)é ATy %k (XQ ’ !) e o~ ~ dx? dyﬁudz' (13)

source

'Radiationfpatterns:are conventlonally measured as functions of the spheriéal
coordinates o ¢'(défined‘in7Figure 3) with the radial variable r held constant,
Hence, it is convenient to express the vector potentlal in terms of the
. ~ spherical coordlnatesn- Hence ‘we 1ntroduce the spherical coordinates to
1ocate the observation p01nts -while retalnlng the carte51an variables

- ‘for source peints to 51mp11fy the 1ntegrat10n along llnear pathsu This
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Figure 3. Spherical coordinates of the point of observation P.




is accomplished by writing

A ' A . . A
= x sin 6 cos ¢ +y sin 8 sin ¢ *+ Z cos )

N> IR

_A'A."A.
=xXx'+Y¥yvy +zz2

(14)

(15) -

Equation (13) can now be factored into two terms: one a scalar function of 1

only, the other a vector function of 6 and ¢ only.

A~ £,

where
( ) _ ekar
B\ = T
. o Jk(? o pty .
£(9,9) = (x',y',z?) e & A~ dx' dy' da!
. ' source . R ' '
and

>

Yy

*r' = x' gin O cos ¢ + y! sin O sin ¢ + z' cog O

This factorization simplifies_considerably the evaluation of the distant
fields. Performing the curl operation of (10) in spherical coordinates,

we obtain
~ i sin o &W L |wg (sin f¢) e

nry 8L | | . . -a-f-f
crf[F g fmon,] cranod [0l o]
where ' '

f =
r

>

: A - A
- £ . fA = 2 + T f¢ = $ * f

[}

Note that the r-component varies as 1/r_,

whereas parts of the 8- and

$P-components vary as 1/¢. For lérge r,.therefore;

L iBe@ i
S [:9 Ty~ ﬂ?ifé]

From the Maxwell equation curl H = ?g, we find that

o

8

ae)

17

(18)

(19)

(20) -




(4]

X 1 86 {-i [ 55 (im0 fe) : aqﬂ

(21) )

fJﬁr g fe-;—. Jpr 2 f¢-'
where n = V%/’? is the 1ntr1n51c 1mpedance of the medlum. In the dlstant
field, therefore neglectlng 1/r terms we have -
-if 7 A | | |
E aT g(r) [ f9+¢f¢] | (22)
It 1s now apparent that the dlstant fleldS are readily: found once the
~Spher1ca1 components of the vector f have been determlned by evaluatlng
the integral given in Equation (18). The 1ntegrat10n is. 11kely to be
done in cartesian coordinafes but 1t is possible to transform the
cartesian components of f to spherical components by using
_fe = £ cos @ cos ¢+ f cos 6 sin $-f sin 8 : (23)
x _ 'y - Z R
f, =~ f sgin ¢ 4+ f cos ¢ - v S ' - (24
Several- properties of the distant field are;readily‘discovered'by .
inspection of Equations (20) and‘(22). Note that there is no radial:
component of either electric or magnetic.vector._ Also, since
H = /H-H = lg(r)l /lf¢l lgl? - (25)
A : '
E = JE . E = n_ﬁ_I_g_g_Ql l/lf 12+ 1f¢|2 (26)

the ratio of magnitudes of therelectrlo and~magnetlc_veptoré is the intrinsic

impédance of the medium,

1.4 Periodic Structures

The results of Sections 1 and 2 would yleld the radlatlon pattern of
any antenna prov1d1ng the 1deallzed current dlstrlbutlon for the antenna
is known, ‘Determination of the current dlstrlbutlon is, therefore, the

- basic problem of pattern calculatrons and is by far- the most dlfflcult

9




part. Only in a very few cases is it possible to solve Maxwell's equations
subject to the boundary conditions suitable'tcmdescnibe a specific antenna
configuration aﬁd excitation,  When cuch a completétsolution islpossiblc, the
- current distribution can be found by evaluating fhe-tangcnﬁial magnétic vector
on thé conducting surfaces. For the mest part, however, practical antennas do
not closely. conform to a shape for which Maxwell's equations can be_sOlced
rigorously; It is, therefore, customary to devise varicus approximations to
the current distribution by extrapolating from the few known solutions. For
- example, the current along a linear dipole is taken to be givcn by a trigono-
metric function since this can be shown to be the case for a thin prolate spheroid.
Now it would appear, since the current distribution on such.a simple shape
as a.dipole is so difficult to obtain, that conductors with bends and corners,
or other discontinuities would present a hopeless task.  This would indeed be
unfortunate since many very useful antennas may-ccntain_all manner of geometric
designs. Tortunately, there is a class of shapes which can:be geometrically |
complex and yet may have rather simple current distributions - the class of
periodic structures. | | |
A uniform periodic structure:is composed of a number of identical cells
ag depicted in a general way in Figure 4, The width of each cell is W and the
length "a" of each cell is called the period. Translation of an infinite
periodic structure: along itslaxis'through a distance equal to the period does
not change the structure. | | '

One approach toc the analysis of such periodic structures would be to solve

. for the fields of a single iSolated cell and then superpose these to find the

fields of the entirs: structure._ Unfortunatelys there is usually considerable
coupling from one:cell to the next so that the current dlstrlbutlon of a cell

in the environment of its neighbors is considerably different from'that of the
.1solatcd cell° For 31mple geometrles such as dipoles it may bhe possible to
account for this coupling and find the current dlstrlbutlon and input 1mpedance
 of each element in the presence of a few other elements, However, when the
number of elements or.cells becomes large, such an approach is hopelessly
complicated. 1In this case it may be advantageous to consider a pcfiodic sfruc*
ture to be infinite in extent and look for the modes of propagation whlch are
characterlstlc of the structure. It then may be p0551ble to express the current

dlstrlbutlon along a_fln;te.perlqdlc structure in terms-of.a llmlted number of

10
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Figure 4, A periodic structure with five cells.
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modes. The radiation patterns Whichicorrespond t0o modal distributions of current
are readily calculated.  In certain fféduency ranges_a.single mode may be
adequate to describe the current and the modal pattern_ﬁill apply directly. In
other cases, it may be neéessary to use a combination of modés.to represent the
current., However, if the complex coefficients of the modal constitueﬁts of the
current can.be found, the pattern can once again be determined by supgrposition
_of the patterns of the modal currents. Althougﬁ representation of the current
distributions on finite, open structures cempletely in terms of modal components
cannot be justified rigorously, the results of this approach have'braved accurate
enough to be very useful in a number of cases and the great simplification which
this approach affords certainly justifies its use as an aid to engineering design.
One of the most important classes of practical antennas is that of frequency-
independent antennas.sn Many of these are unidirectilonal log-periodic antennas
which can be conéidered to be nonuniform periodic str-uctrur‘es..'4 If the rate of
- taper is low enough, the performance of a log-periodic stfucture can be
inferred from the performance of the uniformly periodic counterﬁartu Thus,
the analysis of periodic structures is further motivated by the need for better
understanding-of freQuency—independent antennas. '
The basis for analysis of periodic structures is a theorem of the French
. mathematician Floquet which may.bé stated as follows:®
For a given mode of propagation the fields at one cross

section of a periodic structure differ from those one period
-.away only by a complex constant.

If z represents the .axial coordinate and h{z) represents a component of

the field, then Floquet's theorem states that

h(z+d) = u h{z) : 27

where u is a complex constant, Now suppose we take

W) =e ¥p@ - (28)
then Equation (27) gives _
hizs+d) = e—y(z+d) plz+d) = eqyd é—yz p(z+d) = u e—yz p(z) (29)
which can be satisfied with
u=e ¥ - (30)
and -
p(z+d) = p(z) SR (31)
| 12




Equation (31) requires that p{z) be a periodic function and so can be expanded

in a Fourier series,.

© _
p(z) = Z C e (32)
n= -0 ' :

and the fields can thus be written in the form

. ' .2 nT.
- Yz @ =J a4 0 ~(y +j _r_%) b4

> cn e = = C e {33}
n=. ¢ e n= =00 o ‘

h(Z) =

- The wave given by the n = 0 term in this series is called the fundamental wave;
the other terms.are called space harmonics. Equation -{33) showsg that the

propagation constant of the nth space harmonic is given by

.2 nm
Yn__ Y+ J 3 : £34)

Further consideration will be given to the space harmonics and how each contri-
butes to pattern characteristics later. Next we shall use the Floquet property

of the flelds in a perlodlc structure to obtain radiation pattern equations.

. 1,5 Radiation Patterns of Eeriodic.structures

Let us suppose for the present-that the current distribution along a
finite perlodlc structure corresponds to a single mode on an infinite structure.
Further clarification of how thls may be achieved will be given later. . If
the periodic structure is planar and allgned in the xz-plane as shown in
Figure 4, the current density vector‘gi can be written in terms of only. two

components as
g yy,ad =8 Qeyhan + G ety en (35)
. 3y - x LR A ~ Z R

Furthermore, since the current is confined to the xz-plane, it is completely

described by the surface current density ﬁks’ where

G oryan =g o, 860 (36y%
* ‘ 2 '
-5(y') is the delta distribution which has the integral property
b
j- £(y") S¢yi) dy' = £(0) if a<y' <b
.. A '

Rl

otherwise
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' - th
According to Floquet's theorem the current in the n cell is related to that

in the zeroth cell by

%Sn(x',z’+na) = %So(_x‘;,z') e__Yr.ld (37

An expression for the complete current distribution across N cells can be

. written by adding expressions for the current in the individual cells

N-1 ‘
%%S(x"z’) = b (x*,z?) | U (z'-nd) - U (z'-(n+1)ad)] (38)
o n=0 ¥ sn _ :
where sn repfesents the current density in the nth cell and 'CT(Z'—ZO).iS

. the unit step function defined by

(@) (z'—zo) =1 _ z" >z
~ 0 2! <z (39
Substituting (14), (15),-(36) and (385 into (lS)lgivés
w/2 Na N-1 | |
E(e,q’) =f f = ?sﬁ(x"z!).['v (zt-nd) - U (Z'-—(n-{-l)d} x
-W/2 o] n=0 ' : .
ejk(k’ gin © cos ¢ + z' cos e)dx' dz'- (40)

The properties of the unit step functions can be used to interchénge the order

© of integration and. summation,

' N-l. w/2 (n+1)d
.f{‘83¢) = Z f f (x?,21) x
- n=0 J w2 Jna %Sn. ’

. , {41)
QJk(x' sin € cos ¢ + z! cos e)-dx’ dz!
Consider now the nth integral in this sum
(n+1)d o L _
In = %S (x’,z')e‘jk(x' ‘sin 0 cos ¢+ z* cos e)'dx’ dz? (42)
nd

and apply a transformation of coordinates correspending to a. translation
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along the longitudinal (z) axis, Let

[ - T v - 3 (43>
jknd . ‘ i ' 5in O e _
I =e % cos 0 ?%n(x?,g 4+ nd} eJk(x' smn COS.¢ + 5 cos ¥ )dx’dé (44)
1o}
By virtue of (37) this can be written'ih‘termé of the cuffent'in the zerdth

cell as
a

- o(Jk c0s 8 - Ynd ﬁ%éo(xi,é)ejk(X? sin 8 cos ¢+ L ocos O o (45)
O

‘which yields the result for £(9,d).

. jk(x'sin 6.cos ¢ + & cos.8)
L6, = _z (Jk cos & - Yind f f % Gt g”e o et b
. " w/2 " - P " A . " -

o

(46)
The terms in (46) can be readily related to-the résﬁlts-of 1inear arraj
theofy,, The 1ntegra1 I gives the field due to a 51ngle cell ‘when comblued

with the dlrectlonal factors‘1n.{23) and C24), thls ylelds ‘the "element pattern,.

Similarly, the summation

L Nel
2
“n=0

e(jk cos 0 - v ﬁd ST - (47

‘represents the directional characteristics of an array-of_isotrOpic sourées
separated by distance a and having progressive amplitude.and phase.differences
given by a parameter vy.. It is thus_apparent that the radiation patterns |
édrresponding to each mode on the periodic structure depend upon the current
diétfibution in a single cell and the.propagation c0nstanttfof:that mode, | It
is frequently the case that the dimensions‘bf.a single cell will be small cem~
Zpared with the;wavelength so. that the-élement pattern can be well approximated
by that of a simple dipole or other low_gain antenna. The princibal contri-
butions to directivity then arise from the array factor,” S, A knowledge of
“the. propagatlon constant versus frequency characterlstlcs of the periodic
structure can then be used to calculate radiation patterns for a periodic

antenna. over a wide range of operatlng-parametersu
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Before proceeding with examples let us review the conditions under which

(46) can be expected te give reasonably accurate results,

1. .The current on the structure must be pfedominantly that due tc a

single mode,. If more than one mode is preseﬁt; then the complex
modal coefficients must be known to superpose fhe modél patterns
given by (46).

- 2. Only a wave travéling in one direction is present on the structure°
This ﬁay be-accomplished by a proper termination on one end or it
may be that y is complex so that the current decays to a negligible
value before reaching fhe end of the finite structure, . If neither
is the case,>(46) can be modified to account for multiple reflections
which may result when waves With small attenuation encounter mismatched

terminations.

1.6 Universal Array Factors

The array factor 9 has been shown to_contribute lérgely to the deter=-
mination_of the radiation patterns of periodic antenna structures; The depen-
dence of.the distant fieid upon ﬁeriod a; wavelength A and the propagation
constant ¥, as well as the directional cobrdinate 9, is simply displayed in
the array factor, (47). However, it is possible to facilitate calculations
by considering further development of this formula and producing some curves

which are applicable to a wide variety of operating parameters. Let us define

€ = yd ~ jka cos © (48)
so that (47) becomes’
| ML
S = = e (49)
n=0

which can be written as . the difference between two infinite series

Q0 . [ea) [va)
S== e‘ng _e“‘Ng. T e ‘,lg = (1 - e.'N‘f") ) .e“‘ng , _ (50)

n=0 n=0 n=0
This series is of the form
14 ' ' e = —— :
W+ W +_w + - {51

so0 that (50) reduces to

i6




s l—-euNg
(52)

_ _ l—e_é

If 7y is complex, ¥ = o 4 jﬁ, with a real part a of sufficient magnitude so
that e-Na << 1 then {52) becomes

§ =—— | (53)

1l - e
This correSpondé te the case where the current decays to'negligible.values
before reaching the end of the giructure, and it is épparent from (53) that
the number of cells is‘irrelevént in this case.
Equétion {53) has been used as the basis of calculation of a set of

universal array factors.4 Each value of attenuation gives rise to a different

curve which can be used to obtain the radiation pattern. Since

£ = ad + jd (B-k cos 0) | (59
we canvrepreSént the universal array factors for several values of A = @a as
functions of ¥ = (B - k cos @) d. Such a family of curves is shewn in Figure 5
* for values of A ranging from 0,05 to 0,95 (nepers).. Since the curves are
symmetrical with respect to ¢, only the range for ¢ > 0 is shown.

Now let us consider how the curves of Figure 5 may be transfbrmed.into
polar radiation patterns using values of attenuation and phase progression
which have been previously determined either thecretically or experimentally.
. "We note first that (54) ‘defines a transformation of wvariables hetween the
abscissa of Figure 5 and the direction angle €.  The maximum value of 5 NO
occurs at ¥ = 0 which corresponds to cos © =.§/k. As thé angle © varies from
0 to 7, the value of ¥ ranges from (f~k)d to (P+k)d. Consider the rotating
vector shown in Figure 6 which pivots about the point ¥ = ﬁd-and'has_azlength
« £ = kd., If the angle which the vector makes with the horizontal VW-axis is
identified with the direction aﬁgle Gj'then the projection of the end point
of the vector onte the W-axis falls at the point ¥ = Bd - kd cos ©. This
construction therefore relates a value of ¥ to each direction in space, as
located by the polar angle 6. | ‘ _

As an example of how the curves of Figure 5 may be combined with Figure 6,
consider thé case where A = 0.35, kd = 45° and pd = 350. The universal array
factor corresponding to A = 0,35 is plotted in Figure 7 and the vector with

length kd = 450 is pivoted about the point P =.350 on the auxiliary-¢—axis
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located parallsl to but below the Y-axis of the array factor. The locus of

end points of the vector is shown in Figure 7 aé-afcircle“of radius kd = 45°.

. The values of ¥ corresponding to Varioué angles © are.obtained by projecting

- points on the circle onto the Y-axis, In Figure 7 the projections'are shown up to
to the array factor curve so that values-ofAS ﬁ¥) corresponding to particular
directions can be measured. Thése distances are then measured from the origin
along the appropriate radial lines, The curve shown connecting the points so
determined is the desired polar plot. The lower half of the plot is the

mifror image of the upper half due to symmetry of the structure.

- 1,7 Summary

The purpose of the foregoing discussion is to demonstrate the utility and
limitations of using dispersion data te calculate radiation patterns of
antennas, The usefulness lies in being able to predict certain features of
the pattern from knowledge of only a few geomefric parameters of a periocdic
structure. Refinements in these calculatioﬁs can be made if either theore-
tical or experimental dispersion data are available. . It is important to
know the attenuation vérsus frequency as well as phase constant,vérsus
frequency, When appreciable attenuation is present, particularly Simple
results can be derived using universal'arrgy.factors.- Polar patterns can
be obtained from the universal array factor curves by graphical means. In
all cases, however, the results are presented for traveling wave modal
current distributions and adaptations must be made for end-reflections and
- multiple mode distributions. With this background as a motivation for
further consideration of dispersion data for open periodic strﬁctures,

further attention will ‘be directed to the methods of obtaining these data.
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PART 11
DISPERSION CHARACTERISTICS OF SOME SMOOTH AND PERIODIC STRUCTURES

2,1 ‘Introduction

For transverse electromagunetic waves in free space, the phase constant

is directly proportional to frequency. This simple relationship may be

- perturbed by the presence of material media and the perturbation is referred

to as dispersion. Dielectric materials exhibit dispersion because the
permittivities are frequency~dependent. Of course, for some materials the

variation is se¢ slight over the frequency range of interest that they may

_be thought of as nondispersive,

There are various other ways by which dispersion occurs. In dielectric
materizls and gaseous plasmas, dispersion is due to the interaction of the
electromagnetic field with the atomic or molecular constituents of the
medium. Dispersion is present in waveguides because the conducting
boundaries force the electromagnetic waves fto propagate in various zigzag
paths down the guide rather than in a straight line along the axis. . Thé
path which the wave must take is dependent upon the frequency of operation.
Another viewpolint which can be taken is to consider the waveguide as a
transmission line with inductance and capacitance per unit length which
are functions of frequency. This concept can be carried over to.open
gstructures, such as a helix, and'periodically loaded transmission lines.
Tapered versions of the latter can serve as models for practical log~periodic
antennas. This correspondence will be discussed in greater detail in a‘
later sgecticn.

Graphs showing the variation in phase constant as a function of
frequoncy are called dispersion diagrams, Dispersion diagrams for periodic
structures are often referred to as Brillouin diagrams for Leon Brillouin,
who first made exteunsive use of themn7 Brillouin considered elastic wave
propagation in crystal lattices, as well as wave propagation in periodic
electrical systems and elsctrical~mechanical analegies, He demonstrated
that in certain bands of frequency, propagﬁtion of an undamped wave is not
possible., This consideration led to the'separation of the frequency

spectrum into passbands where propagation is allowed, and stopbands where
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it is not. Many other authors haﬁe’used_the Brillouin diagram to .illustrate
the nature of wave'propagation on varioﬁs'périodig.structuresn Until
recently most of these structures have been of slow-wave or surface-wave
type. An excellent survey and bibliographical listing up to January; 1959
has been written by Harvey,s He gives a 1list of 293 references, many of
which make use of Brillouin diagrams or clesely related graphs to present
theoretical or experimental digpersion data,

-One structure which has received a great deal of attention because of
its application in traveling wave tubes and delay lines is the helix and

9,10,11,12,13,14,15,16,17

its variants. More recently, helices and tapered

helices have been studied for their radiation characteristicsals’19’20’21
This has led to the extension of the dispersion data for helices to include

frequency bands where the propagation constant is complex. There are many

-articles in the literature on surface wave supporting structures, such as

dielectric-rods and slabs, stratified plasmas and corrugated metallic

22,23,24,25,26,27

surfaces, A number of different types of structures

“have been studied because of their ability to act as antennas or because

28,29,30,31,32,33

they are related to practical antemnna structures.
references given here are representative, but do not necessarily form a

complete listing of articles on the topics mentioned,

2.2 Interpretation of Dispersion Diagrams

In its original and simplest form, the Brillouin diagram is a plot
of (angulaxr) frequency w on the ordinate and phase constant P along the
abscissa., TFor smooth structures, the free-space propagatien constant
(k = W/c = 2T/\) is often used on a vertical axis, However, for periodic
structures it is common to plot kd vs, Pd where d ig the period of the
structures. |

FiguréyS illustrates a useful classification of regions on the k-f3
plots. The two lines P = + k serve to separate the regions where the

phase velocity Vp = w/P along the chosen axis is greater or less than the

~intrinsic phasé velocity in free space ¢ = w/k. The region below the

f = + k lines is thus referred to as the slow-wave region, whereas the region
above is called the fast-wave region. Positive values of B result in a wave

with phase progression in one. direction, whereas negative values of 3 are
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Figure 8. Interpretation of regions on the k-f plane.
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. associated with a wave in the opposite’ direction. We shall refer to the

former as a "forward wave,”

and the latter as a "reverse wave.," _(The
reverse wave has sométimes been ¢alled a backward wave; however, it is
preferable to avoid this nomenclature since the term ™backward wave™ has
another connotation.)

The relationship between k and B is obtained analytically by separating
the electromagnetic field problem into transverse'and longitudinal'parts.' '
The longitudinal axis corresponds te the direction for which P is to be.
determined. This technigque is associated with the method of separation
of variables which is commonly used to reduce partial differential equations

to several ordinary equaticns.  The partial differential equation of interest

for electromagnetic problems is the time-reduced wave equation.

V Yk Y=o | (55)
Let us suppose that the axis along'which B is tc be evaluated.corresponds
to the z-axis of a cartesian coordinate framé. The variables of the trans-
u.. To
_ 1’ "2
.separate Equation (55) into trangverse and longitudinal parts, we assume

verse plane can be taken as general curvilinear coordinates u

thét @(ul,uz,z) can be written as'a product of a transverse function

T(ul,uz) and a longitudinal function L(z). .Substituting in Equation (55},
‘we obtain - ' . | : :
: % V' T 4 — =k =0 . {56)

Since the first fterm on the left depends only upon transverse cdordinates

ul,u2 and the second term only upon the longitudinal coordinate z, and
since their sum is a constant, each term must be a constanfo, We, therefore,
obtain the equation
g .
K - ¥ =k , - 57

relating the separation constants K,:y;_and Equation (55) is reduced to

two differential equations

va + Kz T =0 . C . | . (58)
2 _
AL VL-0 . ' (59)
2 :
- dz” . : : o ' L o '

‘The~solutions of BEquation (59) are of the form .
L(z) = et¥? (60)
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showing that the factor y gives the properties of‘the_propagation.along
the z-axis as desired.

It is apparent from Eguation (58)'that the diSpersion:properties and
the solution of the field problem in the transverse plane are intimately
connected. For example, in the case of a hollow pipe waveguide, with
perfect conducting boundaries, the permissible values of the transverse
phase constant K form a set of_constants (eigenvalues) which depend upon
the geometry of the boundary. To each eigenvalue there corresponds an
eigenfunction which descfibes the transverse behavior of the field. For
example, a rectangular waveguide of width a and height b has eigenvalues

given by34’35

2 w2 M7, 2
Ky = @D+ @D - (8D

where L and M are positive integers, Because of the vector nature of the
eiectromagnetic field, there are two infinite sets of eigenfunctions which

have the above eigenvalues, Transverse magnetic fields are obtained from

FLM(x,y) = sin LWx/a sin ~ M7y/b (62)

whereas transverse electric fields are obtained from
F (%,¥) = cos Lmx/a cos MTy/b 7 (63)
Each eigenfunction corresponds to a mode in the waveguide.
Let us suppose that Kn is thé eigenvalue of the nth waveguide when

the guide is operated above the cut off frequency for the nth mode, then

Y, = jBn and Equation (57) can be written in the form

K- g2 = K2 (64)
n n

from which a dispersion curve is readily plotted since this represents
the equation of a hyperbola with a vertex at k = Kn as shown in Figure 9.
We note that the asymptotes for the given hyperhbola hisect the angle
between the P and k axes, and, thefeforeJ fall on the boundary between
thé fast and slow wave regions. Any mode in the closéd waveguide is;
therefore, a fast wave with respect to the interior medium. Note that
the form of Equation (64) is dependent upon k exceeding a certain minimum
value (the vertex) k = Kne There are no real values of § which will
satisfy Equation (64) for k less than Kﬁu Equation (64) yields the cutoff

frequency for the nth mode. Undamped propagation for this mode is possible
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Figure 9., Dispersion diagram for hollow~pipe waveguide,
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only if k is greater than Kno For frequency such that k < Kn, ﬁn_= .

]kz - Kn will be imaginary, ﬁn = juh, and Equation (64) becomes
kz + a 2 = “2 (65)

. _ n n
Substitution of ﬁn = ja into Equation (64) shows that the longitudinal
variation of the field in this case corresponds to a damped (evanescent)
wave, |

It is oftentimes useful to extend the dispersion plot to include the
imaginary or compléx values of 3. The plot of Figure 9 can be so extended
by labeling the horizontal axis as o (attenuation in nepers per meter} as
well as P. From Bguation (65) it is apparent. that for k < Kn the plot of

k versus o has the form of a circle.

2.3 Radiation Properties of Digpersive Structures

Since we are primarily interésted in the application of dispersion data
to antenna problems, let us next consider how some radiation properties can
be obtained very simply from_the dispersion curves., Suppose éome dispersive
structure is contained in the cylindrical volume shown in Figure 10. By
using Huygen's'principle, an equivalent current distribution can be obtained

7
on the surface of the cyl:i.nc1<-3r¢36’3

Let us assume the current is describ-
able by a single wave with a longitudinal phase constant, 5. Once again
the separation into transverse and longitudinal problems is possible.
However, the boundary condition on the transverse problem in this case is
chosen to insure appropriate field behavieor at infinity.

The transverse and longitudinal separation constants are still related

by Equation (57), with Yy = jp
Kz + ﬁ2 = k2

but discrete values of K are not dictated by the boundary condition. We
can consider, therefore, that k and B are fixed by the operating frequency
and the structure bOundarie$, respectively, and Eduation {57) can be solved
for K. We note that B > k corresponding t6 values iﬁ the slow wave region
on Figure 8 leads to imaginary values of K, whereas for P < k, K is real,
Real values of K give propagating waves in the transverse direction.

Imaginary values give damped transverse behavior.
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Figure 10. Hypothetical cylindrical surface used,
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D

At large radial distances, the fields will vary as 5 representing

outgoing waves. It is thus apparent that the distant field is representable
P A A _j%rf? >

in terms of a propagation vector P=pP K+ z Pas e where r is the

position vector. The angle which the propagation vector £ makes with the z

axis is given by

cos B = (66)

wi™

as shown in Figure 11.

We conclude, therefore, that a fast wave (f/k < 1) along the z-axis will
give rise to a wave traveling at an angle with respect to the z-axis, whereas
a slow wave (B/k > 1) along z will produce only a damped transverse wave.
Whén.p iz less than k the length of the propagation vector is fixed, equal
to k. The locus of all possible such vectors is, therefore, a circle in
the £~ plane that is shown in Pigure 11, For any given f/k < 1 the
directlon of propagation in the distant field iz obtained by a projection
upward from the given point on the B/k ~axis to the point of intersection
with the circle of unit radius. A line from the origin to the intersection
makes an angle O with respect to the P-axis which is identical to the angle
of propagation by virtue of Equation (66).

The foregoing discussion applies to the case where the longitudinal
field variation on the surface of the cylinder of Figure 10 is limited to
that of a single undamped wave. A practical gystem which could be con-
sidered to give rise to such a distribution on a circular cylinder is
composed of a narrow longitudinal slit cut in the Wall of a circular
waveguide operating in a dominant mode, as shown in Figure 12,- However,
since the slit will couple energy from the waveguide interior to the
exterior region, the wave in the guide will no longer be undamped and will
have an attenuation factor due to the energy loss. In this case,; the
propagation constant along the cylindrical surface will be complex, and
a modification of the previous discussion is in order.

When considering a complex wave, the source must be restricted in
extent in one direction to avoid a singularity in the source description.

A semi~infinite line source is chese, therefore, as a simple model and the

yz’ where Y = a + jB.

current along the line is assumed to vary as e
The far-field radiation pattern is propertional to the Fourier

transform of the damped current wave, Thus, the pattern is given by
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Figure 11.

Normalized space spectrum diagram showing relation
hetween longitudinal phase constant and direction
of propagation,
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i
Figure 12. Cylindrical waveguide with long, narrow slit in
the conducting wall.
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P(5) =f vz Jkz cos‘e. dz +1
o

i i, D = .
| _ 5 which yields P(¥) a3 (p-k o5 © Thus,
the magnitude of the distant field is given by
. . 1 ) ' '
|P(Q)l = - 1/2 (67)

[a? + (B~k cos 9)2]

d .

Eg = 0, which gives P = k cos 6 as before.
However,  the patterﬁS'of Equation (67) have finite beamwidth, the angle

The maximum field occurs where

between half-pdwer points 91 and 92 being given by

cos 91 - cog O = 24 (68)

2 k
If a is large, the term ﬁ? dominates the expression'for the patfern for
all angles of e_and the beamwidth is large. . However, as a becomes smaller,
the beam narrows. The limiting case, as a goes to 0, gives a delta
function of the form 5(5-3‘005 0). From the foregoing discussicn it
should be clear how B'controls the direction of radiation and @ controls

the width of the radiated hean,

2.4  Dispersion Characteristics of Periodically lLoaded Strﬁctures

In the previous sections,; we have seen how the dispersion relation is
obtained in closed waveguidés, and how the dispersion pfoperties can bhe
used to predict certain radiation characteristics when the waveguide is
coupled to space along the longitudinal axis. In many cases, the coupling
between interior and exterior regions takes the form of discrete.periodic
loading rather than continuous coupling. Whereas the contifuous coupling
gives rise to a perturbed dispersicn curve primarily because of the atten-—
uation due to radiation, the case of discrete periodic loading may give
rise to a differenf type of change in.thg dispersion curve. As an
example of the latter case, let us consider a closed waveguide which
is periodically loaded with obstacles,:such és shown in Figure 13, If
the hole in the coupling irises is almost equal in diameter to that of the
waveguide itseif, then we would expect fhe_effect pf the irises to be
small and the dispersion curve should follow very closely that of the
‘unloaded waveguide‘shown in Figure 9. However, at each 6bstacle there will
be relection as well as transmission. At certain frequencies the reflec-
tions from the successive dbstacles will add in-phase. These frequencies

will be nearly equal to the frequencies for which the one-way phase—shift
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Figure 13. Longitudinal section of waveguide showing
: pericdic placement of irises._
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between obstacles in the unloaded guide is in integer multiple of 7. These
Ifreguencies correspound to the centers of the étbpbands in which undamped
propagation 1s not p@ssible;

A gualitative argument can be given for the form of the dispersion
curves for the iris-loaded waveguide, From the results of Floguet's theorem
given in Section 1, it is apparent that additional waves must be added to
each mode in the unloaded waveguide in order to satisfy the additional
boundary conditions introduced by'the periodic discontinuities. As was
previously shown, these new waves (space harmonics) differ in cell-to-cell
phase shift by an integer multiple of 27. Dispersion curves for each
individual space harmonic could be added, therefore, to a k-P plot by
simply shifting the curves the appropriate amount along the horizontal
axis. OSince little perturbation of the diagram is expected in the case
when the iris hole is almost as large as the wavegulde cross-section, the
curve correspending to minimum phase shift will be approximately the same
as the dispersion curve of the unloaded waveguide, Figure 14 shows this
curve for the fundaméntal wave along with the displaced curves representing
the.nzl and n= -1 space harmonics. |

The principal effect due to the irises occurs at the frequencies where
the various space harmenic curves intersect. This occurs at cell-to-cell
phase shifts which are egual to an integer multiple of T, as previously
Staﬁed,. In the vicinity of these points, the stopbands afe formed.

- Throughout the stopband, the phase shift is maintained constant with
frequency, but the atienvation increases froﬁ zero to a maximum'and then
back tc zero. The form for the dispersion curve of the iris loaded wave-
guide is thus as shown in Figure 15. It can be.shown that no'energy propa-
gates down the.guide at any freguency which falls inside the stopbando

. Neglecting losses, the input impedance of a periodically lcaded waveguide
~at any frequency in the stopband is, therefore, purely feactive} whereas
the impedance in the passbands is real. A section of periodically loaded .
waveguide can be dsed? thereforé; as a filter since signals at frequencies
in the passband will appear unattenuated ai the output, whereas signals at
frequencies in the stopband will be attenuated,

In many antenna systems, particularly in the VHF band and at lower fre-

quencies, the radiating elements are excited from a twoéwire line with a small
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Figure 14. Dispersion curve for unloaded waveguide plus shifted
curves representing approximate locations of n= + 1
space harmonics for small loading.
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Figure 15, Dispersion diagram for waveguide with periodié iris
loading showing formation of stopband due to loading,

37




cross section iﬁ wavelengths so that only the TEM mode need be considered.

It is a relatively simple matter tb study the disﬁersiVe_properties of such
a line when it is periodically loaded with‘discrete elements.- As an example,
consider the case of a twe-wire line which is periodically shunted with

identical admitﬁan0953 Y as shown in Figure 1l6. An eQUatioh_for the propa-

3
gation constant for a wa:e on such a line is easily derived by using the
compensation theorem for networks. Alternate methods of derivation are
discussed in the next section. '

The voltage and current along the line are unchénged when each shunt
element is replaced by a constant woltage generator which maintains the same
voltage across the line that was originally present., The circuit then appears
as shown in.Figure 17, The current into the zeroc node is now compdsed of only
five terms since generators corresponding to nodes m = =1,9,+1 are.the oniy
ones which can contribute due to the short circuit conditions which the other
voltage generators apply across the line. Firsi, there is.the current fhrough
the zeroeth generator, which is given by - f/; YL' The currents into node
zero due to ?/; correspond to the input currents of two short-circuited sec-
tions of line of length d, and free-space phase constant, k. Since the input
admittance of such a line is given by -j YC ctn kd, where YC is the charac-
teristic admittance of the line, the total current into the node due to @g
is given by @62J Yc ctn kd., The current into the nede due to the n = ~1

generator is the short-circuit current which flows when @{ is applied at a

1
distance d away, This current is given by -j @rch csc kd, Similarly, the
short circuit current due to generator %{ is given by =-j %{ Yc csc kd.

Summing the currents into node zerc, therefore, yields the following result.

J %—l'Yc csc kd + %(YL-QJ“ Y, ctn kd) + 3 %1 Yc. csc kd = 0 (69_)
Now by virtue of Floquet's theorem, we can write that Z/;%lj 3/; is equal
to o Y9, Substituting for 2/;1 and Z/; in terms of @6 using this relation,
and simplifying, leads to the following result:
v .

cosh yd = cos kd 4 j §§£ gin hd (70)
C

It follows from duality that the characteristic equation for a line

periodically loaded with series impedances is given by
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Figure 16, A transmissidn line periodically loaded with
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39




-2

PSS ?éro &

?vz

— 0

- ——

d —=

.

Figure 17, Periodically loaded line with loads replaced by
voltage generators according to compensation theorem,
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‘ Z
cosh yd = cos kd + j -E%_ sin kd (71}
Several characteristics of the dispersion curvesg of periodically loaded
lines are apparent from these equations., When the loading is purely reactive,
Y =3 or Z
J BL T

L L
real, Since

= j XL and the right hand side of Equations (70) and (71) is

cosh yd = cosh (a iP4a = cosh od cos Bd + j sinh ad sin Pd - (72)

.we have
cosh ad cos Pd = cos kd - K sin kd - (73)
gin h ad sin Pd = O .

where - .
B : X

K = L  or L

2Y 27

c _ C

The latter equation can be satisfied in either of two ways. If ad = 0, then

we obtain

cos Pd = cos kd - K sin kd = F(kd) g (74)

and if fd = nT, n =0, 1, 2, ..., we get

+ cosh ad = F(kd) n {75)
Equation {74) has solutions only if
IP(ea) | < |

which serves to define the frequency rahges corresponding to pass'bands.--wﬁen
F(kd) > 1, Equation (75) must be used and it, therefore, defines the stopbands.
Note that in the stopbands the phase shift between adjacent cells must be either
Zero or an integer multiple of T for the case where K is real (reactive loads
on 8 line with real characteristic impedance)'. - ' -

If the reactive loading is series capacitive or shunt inductive, then K

is negative, For series capacitance loading

M
1 d 1 C : .
K=-9%ci = Zocz kd ~  kd (76)
C c
while for shunt inductive loading
1 d 1 L X
K="y, =7 oy, F T -
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(c =23 x 108 m/sec). For small kd, F(kd} becomes

(xid) 2

5 + M o _ (78)

F(kd) & 1 -

Sincé F{kd) > i for small kd in this case, the series capacitive and shunt
inductive loads produce a low fregquency stopband.

The upper limit of the stopband is given by

cos kd + M sin kd 1 ' (79

F(kd) *d

U

where

M= Mc or ML

depending upon the type of loading. The value of the upper limit is thus
deter@ined by the intersection of curves for fl(kd) = cos kd and f2 {kd) =
1-M EEEEEE as shown in Figure 18, " Note that this intersection occurs at
~small kd for M small, near /2 for M of the order of unity, and approaches
T for large values of M.

The lower and upper limits of the next higher stopband are given by.

_ F(kd) = - 1
. . ' sin kd ,
or the intersections of fl(kd) = cos kd and f3(kd) = -1-M ~a As is

apparent from Figure 19, the first intersection always occurs at kd = 7
and the width of the stopband! increases with increasing M., Successive
higher order stopbaﬁds begin at kd = n¥ and have widths which are govefned
by M in the same manner as for the first gtopband. However, the bandwidth
of each succeeding stopband is reduced by the effect of the factor.l/kd
multiplying sin kd in F (kd}. |

If the reactive loading is series inductancelor shunt capacitance, then

K is positive, For series inductance

W, ke dL cL '
K = = = kd = kd
27 '2d7Z 2dz Nﬁ (80)
C c c
while for shunt capacitance
wC kc dC cC
K = 2%, = 54 T = o3 7 kd = N, kd (81)

so that K = Nkd where
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Figure 18, Location of upper iimit of low frequency stopband
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L1, (kd)(M small)

-5 (kd} (M large)

f,(kd)(M1.0)

sin kd
kd
showing the intersections which determine the lower
and upper limits of the second stopband for case of
series capacitive or shunt inductive loading,

Figure 19. Plots of £ (kd) = cos kd and f S (k) = -1-u
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cL cC
N, = 34z Ne ® 3avr
c _ c
Hence, in this case,
. cosh yd = cos kd ~ N kd sin kd = G({kd) - (82)
For small kd
Glkd) & 1 - (N + 1/2) (kd)> ' (83)

and the low frequencies correspond to a passband in this case.. The lower edge
of the first stopband is giVen by “

G(kd) = -1
Figure 20 shows the curves fl(kd) and f4(kd) = -1 4 N kd sin kd intersecting

at the lower edge of the first stopband. For small N the Stopband begins

just below kd = T, for N of order unity, the lower limit of the stopband is

about kd = /2 and as N increases the lower limit approaches kd = 0,  The

upper limit of the stopbands are given by

Glkd) = + 1

occur at kd = nW. Stopband widths are governed by N and increase for higher
order. _
- The foregoiﬁg points are illustrated in the kd-Bd plots shown in Figures

21 and 22. The first shows calculated dispersion data for the case series

- capacitive .loading for which M = 1/3, 2/3 and 4/3. This may, for example,

correspond to putting 5 pfd capacitors in a 50 ohm line at spacings of 0.05,
0.1 and 0.2 meter., . Figure 22 shows calculated data for series inductive
loading with N = 15, 6 and 3 which corresponds te one phy inductors in a 50“
ohm line at spacings of 0.2, 0.5 and 1 meter.

Using series reactive leading of the foregoing types in log-periodic

- fashion has only recently been investigated and so far there is little data

available., However, some success in achieving frequency stability in impe-
dance of a high_efficiency, long wire antenna using. log-periodic series

. 38 L
capacitors has been reported,3 There .are many successful log-periodic
antennas that have.been‘extensivelyxinvestigated,_however, which can be
approximately analyzed by allowing the reactive loads of Figure 16 to become
. . 39,40 ‘ s
resonant circuits. ‘

It is well known that the impedance characteristics of linear dipole

antennas are very similar to those of open transmissien line sections,
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~fa(kd){large N)

«f, (kd)

£, (kd) (N%1.0)

hf, (kd)(smali N)

Figure 20, Plots of f_ (kd) and f4(kd) = 1+Nkd sin kd showing the
‘intersections which determine the limits on the first
stopband for series inductive or shunt capacitive loading. L
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It is instructive, therefore, to consider the k-P diagrams for transmission

lines which are periodically loaded with transmission line stubs, as shown

.in Figure 23 and seek a correspondence befWeen_this model and periodic and

log-periodic arrays of dipoles. A series resistor is introduced in the
stubs'to simulate the radiation loss of the dipole. The parameters of such
a system are now composed of the period, d; the stub length, L, the charac-

teristic impedance of the feeder Z the characteristic impedance of.the

2
stubs, Zs’ and the series resistange, Rso $t is appareht, of course, that
this simple transmission line model does not inqlude the effects of £ie1d
coupling between dipoles, | _

Equation 70 can be readily Solﬁed on a digital computer for the model
described in Figure 23. - Figure 24 shows a number of.k-ﬁ plots as the value
of Rs is varied from 0 to 73-ohms; The stub leﬁgth.was chosen so that the
first resonance occurs at 275 Mc, Nete that a stopband occurs near 250 Me.

WHen_RS = 0, the phase shift in the lower part of the stopband is constant

_with frequency at a value of T radians per cell, This value corresponds
© to the result which was obtained in the case of the periodically loaded

. waveguide and reactance-loaded lines. As RS is increased, however, the

maximum penetration of the k-B curve to the right decreases until for the
case Rs = 73 ohms the maximum phase shift in the stopband is less than
7/10.radian per cell. Note also that:the attenuation in the stepband
decreases as the value of Rs increases, However, even though there is
attenuation at all frequéncies due to the loss in the resistors, the
attenuation reaches a méximum in the stopband.

Significant difference between the k- plots of the stubuloaded.trans—
mission line and those of the iris-lcaded waveguide or reactance loaded
lines is produced by the resonant nature of the loading in the former

case, The sign reversal on the reactance of the loading which occurs at

- resonance produces a rapid change in the phase shift near that frequency.

In the lossless case, the k-f plot is seen to reverse direction abruptly at
275 Mc, Whereas the phase shift in the stbpband below 275 Mc is fixed at a
value of T radians per cell, above the resonant frequency the phase shift
corresponds to zero throughout the remainder of the stepband, Although the
effect of losses is such to change the abruptness of the cutback in the

curve, the effect nevertheless remains cbservable for all values of RS;
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A set of calcuiated k—ﬁ‘plots for the stub-loaded line showing the
variation as the characteristic impedance of thé stub is changed is given
in Figure 25. In this case the resistance Rs is held fixed at-é value of
10 ohmé and it is to.be noticed that the maximum phase shift corresponding =
to this value of Rs is changed very little by changes in the value of Zs’
It is also noted that the maximum eattenuation is affected very little by
changes in ZSo However, the frequency span of the complex wave region .
where there is appreciable attenuation is dependent upon Zs’ being largest
for the smallest value of Zs"

It is apparent from the data shown in Figures 24 and 25 that the
maximum phase shift in the complex wave region {which corresponds to the
stopband in the lossless case)'is governed by the valug of Rs“ This is
alsoatrue of the maximum valuerof attenuation. Figure 25 and Equation (70)
show ‘that the frequency span ¢of the complex wave region as before, is
governed by.the relative valué of the stub to transmission line feeder
characteristic impedance. Both of these factors have important consequences
in the 'design of log-periodic antennas, which will be considered in greater
detail later. L |

_Therk*p plots shown in Figures 24 and 25 correspond to periodic ele-
ments Which.are very closely spaced in terms of the wavelength,-béing
approximately 0,06A apart at the resonant frequency of the stubs. This
close spécing was chosen.to correspond toe a laboratory model of a uniformly
' peribdic“dipole'array which was designed tc simulate the conditions of the
- active region of a log-periodic dipolelarray. Such.clase-spaced elements
are not uncommon in log—-periodic antennas.,. Although they may not give rise
to optimdm gain, they‘do result in a cbmpact antennas

Nevertheless;rit is instructive to also consider how the k-P plots
-are affected by increased spacing between the reactive loads. Figure 26
shows computed k-p plots for z_ = 300, R_ = 10, Z, = 130, (stub length
L =27.25 cm) for various values of spacing hetween stubs., As ceuld
reasonably be‘e§pected, the maximum phasé shift is greatest for the dipoles
which are separated by the greatest distancé{:'waever; there.is sizeable
departure from the result whiqh wquldlbe Sbtained by'assumihg the wave
travels with free-space velocify along.the line. The B=k line is shown

for d = 27.25 cm for compariscon. - Figure 27 shows computed dispersion
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data for the stub-loaded line when d has been int¢reased to 37.8. cmn - Two
values of characterlstlc impedance are 1llustrated Z =:50 ohms and 130
ohms. The ca}culatlons.are extended in fregquency through and past the
second stopbandn The stub resistor was omitted in both cases. Oﬁcé'again
it is seen that the width of the stopbands is dependent upen the relative
characterlstlc impedances of the stubs and feeder.

As noted before, the loss in the stub tends to decrease the pertur-
bation in:the'dispersion curve, An extreme case is shown in Figure 28
where the value of RS has been increased to. 73 ohmé for values of %  of
50 and 130 ohms and stub impedance Zs of 300 ohms. In this case, the
revérsal in direction of the dispersion curve at resonance does not
occur and Shbws'only slight perturbations in the region near resonance
where the stopband would ordinarily cccur., Note also the double-humped
charactéristic'of the attenuaticn curve in this case,

Of the foregoing data, Figures 24 and 25 represent most closely the
type of conditions found in a typical log-periodic array of resonant
dipoles. The succeeding plots indicate that =a w1der variation in ampli-
tude and phase characteristics is avallable through variation of parameters .
and suggests that antennas with characteristics quite dlfferent from the.
early log=periodic arrays may be feasible. ' Further investigations directed *
toward employing a wider variety of parameters in log-periodic antenna
design, therefore,are deemed appropfiate and the utilization of both =i e
calculatéd and experimental dispersion data would appear to be quite-useful
in théée efforts. However, there certainly exist limitations iﬁ thé '
appllcablllty of the dlsper51on data for uniform periodic Structures of
the closed type considered up to this point when con51der1ng structures
: whlch are open and alsc log-pericdic., Further dlscu551on of these limita-

ticns is contained in the following section,
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_ PART I1I _
DETERMINATION OF DISPERSION CHARACTERISTICS OF OPEN PERIODIC
' AND LOG-PERIODIC STRUCTURES ' '

- 3.1 Introduction

Many log-periodic antennas can be explained in terms of the idealized
model considered in the previous section. This model consists of a trans-
mission line with Ilumped series impedance ZL’ of shunt -admittance YL’ or
both. In open structures the model previously considered may not be
adequate due to the field coupling between cells, It is thus desirable
to consider a new model which accounts for the field coupling by considering
the mutual impedance between cells. In order to relate this model to the.

: previous chapters on periodic structures and the k-3 diagram, we start with
the periodic version of the model and derive the equation for propagation
constant, B. An approximate solution for the k~ﬁ diagram is obtained and
this ié related to the k- diagram of a transmission line with distributed
but'nonuniform series impedance, shunt admittance, or hoth. An approximate
solution for the neonuniform line is obtéined, and an approximate solution

. for the Space:harmonics is also obtained. It is shown that at most one
pséudo‘traveling wave and its associated reflected pseudo wave may he
present on the structure and still have the voltage and current scale
continuously with frequency. This condition is vital to the success of a

‘lngperiodic_structure as a frequency independent antenna,

3.2 Periodiéally Loaded Transmission Lines

Figure 29 shows a'periodically loaded line with coupling between cells.
A current geherator is connected to each mode, The normal.modes that may
exist on the structure are obtained by setting the driving functions In to
~ zero and élso-using Floquet?é theorem described in Part I, However, the
matrix equatibn describing the open network shown in Figure 29 is compli-'

cated by the addition of mutual admittances to account for the field coupling

.from cell to cell, Thus, we have




Yemol| l—.’ d

TRANSMISSION LINE LOADED PERIODICALLY WITH SH.UNT

ELEMENTS Y, AND MUTUAL ADMITTANCES Ypq; |

Figure 29, A periodically-loaded line with coupling between cells;
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- where 1

where In;and Vn are;-respectively, the current: and voltage at the nth input
po;t; The:mafrik éiéments Ymn can be interpreted as the‘ratio of'pdrrent
at pdrt m(Im) due te a unit voltage generator at port n with all other
ports-short—circuited; In this dase, all generators will contribﬁté due t6
- field coupling although many:terms'may“be,smali due to large distahce'df |
seﬁaration between ports, . .
Consider the eguation for-Ib which is

Y +FY V. 4 Y V. + YV o+ el

Ig= e ¥ 0-1 V-1 ¥ Yoo Yo * Y01 Vq 022

0 0-2 Vg ¥ - (89)

YOOTiS the input admittance at the zeroth port with the other_portSishorted

so that Vn= 0, n #-05_'ﬂence,_Y00 is given by

o0

Y. .. =Y + zZ Y
g *.

00 im0 WOL ©o

- 23 Y vecot kd
o

YS is the admittance of each shunt element, YS = ~-j ¥, cot kd is the

t 0
-admittance of each of the shorted lines of length d extending away from

- ‘the zercth port and Ymoi is thé-mutual admittance between ports zero and

i. The characteristic admittance of uniform transmission lines is Yd,

and it is assumed that the propagation constant on the uniform line is

the free-space wave number, k, The term Y _ can be obtained in a similar.

0l
manner since

: I
Y =

01 n#1l

— with V. =0 C (87
n
1
0 is the short circuit current at port zere of the transmission line
with voltage;Vl applied-at. port one, plus-the short.cirecuit current at
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port zero due to the mutual coupling with voltage Vl applied to port one.

The transmission line portion of Y

o1 1s_g1ven:by

¥, = § Y, csc kd ) | -(88)

The mutual part depends on the type of open cell loading the transmission

o csc kd is very large and the mutual term

may be negligible in cemparisen, se that

line. However, for small kd,'j-Y

- 89
Y01 3 Yo csc kd _ | (89

The'abOVe_approximation cannot be made for theremaining_Yoi terms as the

- transmissien line portion is no longer pregsent.

. From'Floquet’s thedrem we have that-#%ii ='e_3pd, Since the normal modes

of the syStem correspend to source—freerconaitions,_we set I0 to zero, and

Eguation (85) reduces:to

.2
o Pd

a o _ ' .2 .
0= sos Y0_2 + YO_ _eaﬁd-+ Y _ + Y. € Jpd + Y. e pd +.000 {90}

1 00 ol 02

Since by Symmetry'Yo_n = Yon,-Equation {90) can be put in-the.following form:

ec}

3 & a- | = _
JZYO cos Bd csc kd j2y, cot kd Ys + 2 nZ Yon cos nPd + |

= e ‘ 9
i=—0C Ymo i ) ( 1)
Comparing with the standard form of a transmission line loaded periodically

with lumped loading circuits, as determined in Part II,

e s S
5 Yo ,51p kd. P (92).

. cos Pd ® cos kd +

- we. see that Equation (91) is.of the same form where

. fra] . R
= z
YL Ys +2 = Y, cos nfd - + - Ymoi (93)
n=2 : : ==

The equation for the k- curve for the.transmission line periedically.

loaded with lumped series elements with coupling between cells may be derived

. in a similar manner and the selution is given by
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cos Bd ® cos kd + j 5 Z" sin kd
; A ,
- where
1 0
Z = : +2 Z Z _ cos nfd _ (94)
L : . on :
1 L 1 n=2 :
e .
Z i==0 Z .
s mo i

where ZS is the impedance of each series element andIZmoi is the mutual
impedance between ports 0 and i,
The procedure for obtaining the equation for the k-p curves for lines

with both series and shunt elements periodically placed as shown in Figure

30 is identical. However, the assumption can be made that YL-already

" includes the coupling effects. The only difficulty introduced is then

the determination of Y and Y... The equation for YO is giveniby

00 01 0

= S : - 95
Yoo =¥ * Ying * Yim (95)
where YinL is the input admittance looking tc the left with the n=-1 port

shorted, and Y_ o is the input admittance looking te the right with the

R
n=+1 port shorted. The -equation for_Y00 is, therefore,
’ 2
‘kd . i =i : :
. Yo_cos 2 + _ZLYL) + q gin kd (YL~+ Y0 ZL) (96)
L7000 YO'ZL,cos kd + j sin kd '
and Y01 is g;veé by
' -1
Yy = - l:ZL cos kd + j ¥y sin kd :I | €97)

After a few algebraic manipulations the diépersion relation can be put in the

- following form-

zv.\ . Y. . g
cos Bd® | 1+ —=E] cos kd 4+ j| —= 4 —= sin kd (98)
z | 7Y, 27, | , :

It.can easily be seen that- Equations (92) and {94} are special cases of (98) .
For the periodic’ structures the.k-ﬁ.diagram represents the wvariation

of'ﬁ as frequenéy is Changed on a structure with fixed d, -In the log-periedic
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TRANSMISSION_ LINE LOADED PERIODICALLY WITH SERIES

ELEMENTS Z,_ AND SHUNT ELEMENTS Y.

. Figure 30. ‘A line periodically loaded with both series and shunt
elements. '
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case, d becémes variable, For the information contained in the k-f plot for a
periodic structure to.be_applicable to the corresponding loQQperiodic structure
at.a single frequency a change in d must be equivalent td a change”inlk, In.
order to investigate this requirement further, consider once again the -shunt—
loaded case,
. -If a change in d is equivalent tc a change in k then YL must be arfunction

of the product kd, and the effect of mutual coupling upon Y  must be independent

of the taper angle, If YL is such a function, then the kd-Ed diagram.obtained
from the periodic structure may be .applied exactly to the LP structure. This
restriction is not as severe as it first appears since all geometrical shapes
whose dimensions are proportional to d.will have this property provided mutuals
are not important, However, the dispersion curves yield no information about
the reiative'amplitudes of the varicus gpace harmonics. From thié, one can
see that the .equivalence iS=not exact for arbitrary periodic structures. The
kd vs [fd curves for the periodic and log-periodic structures will not be the
same in the region where distant mutuals are impertant on the pefiodic structﬁre,
For exampiej the mutual impédance-terms in a periodic .array of linear dipoles
are insignificant when the frequency is considerably below the half-wave -
resonant frequency of the elements. Therefore, the kd-pd diagrams‘of the periodic
and log-periodic structures will be almost identical in this region. However,
in the frequeﬁcy'region near the half-wave resonance of the dipoles on thé
- periodic array the mutual terms from elements several periods_away are signi-
ficant. In the3tapered version these mutual térms aré considerably influenced
by the change in the distant element length; consequently, one should not '
expect an exact correspendence of the kd vs, Pd curves in this region. This
is most unfortunate.as it is the region near dipole resonance that is of
most interest on the log-pericdic dipole array. _

'~ From the above one can c@ncludé that there is an exact correspondence
.0of the kd—ﬁd diagram cf the periodic styucture and the kd-ﬁd diagram of the
LP structure only if the prbpagation constant is determined by the local
behavior of the structure. However, if the angle of taper is small enough
and T%1 for the LP case, then the dispersion curves for the uniform periodic
and log-periodic are approximately the same in -all regions.

Next we will obtain an approximate sclution for the propagation constant

of (92) and derive the relationships between the propagation constants on

periodic,.log—periodic-and continuOusly Scaled stfucfuresa
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If the spacing d isuirhg/lo, where kg is the wavelength on the trans-
mission line, Equation (92) can be approximated by keeping the first two
terms of the cosine series and the first term of the sine series. Then the
approximate equation is

Y

1-1/2 D7 = 1-1/2 a4 5 -2{;— kd
. . ) o
and
2
B\ =« L _
| (ﬁ) SRR A (100)

If YL is a smooth function of frequeﬁcy one can make the further
approximation that_YL/d is a ceontinuous and distributed function., This
allows the interpretation that a continuous change in frequency is equi-
-valent to a continuous change in d orx the:p@siﬁian?on the structure. |
Before proceeding further with this result; a nonunifqrm but continuously
scaled transmission line will be investigated. |

1t has been established by Mittra énd Jonés39 that the veltage and
current onja noﬁuniform transmission line will scale as a continuous

function of frequency if theé admittance per unit length is of the form

- f{kx)/x.or k £f{kx), If one chooses the admittance per unit length on
: : YL(kx} :

(I-TX’

for the voltage along the fransmission is given by

the nonuniform line as JwC + then the differential equation

_ WL Y 5
V' Q8 -3 gy Ve oden Sleex) (101)
2 kU
) 1] _ Rl : I 5 -
VY o+ (k d (l-T)YbX Y V.= =juw, Ofx xo) (102)

 thice that the transmission line must be infinite and = 0 if the
voltage is to scale in a continuous manner, However, if there is a region
- of large attenuation on the transmission'line,'the continuous .scaling
property will not be greatiy perturbed by truncation past the attenuation.

Next define a new variable z = kx. Now (102) can be rewritten as

Y

2 <
a'y L L — s Sto .
— + (1-; ?i:¥§?gz) Ve =3 ZOL | (z~2) | (;03)

. - : -dz
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N1
where it has been recognized that —QEE 6( z) = -JZ 6(z.—-z ) and

Z0 is the characteristic 1mpedance o% the unloaded line. . From (103) 1t
can be seen that the position of excitation, Xy must:be.scaled if the
voltage is to be a function of the product kx. For an arbitrary input
signal the frequency components must be restricted such that kx0 <1
for all frequencies of interest. This implies that x, must be small in

. comparison to the shortest wavelength of interest,

It can be seen from (103) that (p/k)2 on the nonuniform line is’
‘fdentical to the approximate (ﬁ/k)z given.by‘(loo). The properties of

(103) were studied by Mittra and Jones39 for a YL-of the form

[R+ jlw le—l/w Clx)]_1

~and
' 2 - =1
G [Rw x2 + j (w le-l/w Clx)] (104}
The forms given by (104) were chosen because they are a reasonable
representation of the dipele loads on the log-periodic dipole arraya"'It
" .was found that the WKB2’3 approximate solution of (103) is fairly accurate
if the @ of the series resonant c1rcu1t given by (104) is on the order
of 10 or less., For the. series 01rcu1ts Q is defined as w L, /R where
5 =1/2
X¢ = EAJ L1 C]] i :
Lo = -lel
R =R or Rw? x_ 2
0. . 1
The approximate solutien of (103).18 given by
v ] 1/2 z
¥(z,) / - g
- M d _
VG,R) = V(z)) | oy e Y(y) dy (105)
: X

where y is defined as [/k. Notice that it is f/k which is a function of
z only, | o |
It X is small in comparisen to the wavelength, there is little erfor_'

introduced by .assuming that X, = 0., If X, is small enough to make this
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and

assumption accurate, then V(k,x) is a functioen of the product kx = z,

V{kx) is given by

1/2 .jf
| v il ey

1 v (106)

V(j) = V{0)

The solution expressed in Bguation (106) is wvalid when thé local reflections

are small. A general second-crder equation of the form given by

d2V
2

+ Y (V=0 (107)
daz : : _ '

: 1 ' .
may ‘be separated into twe coupled-first»order-equations40’4 given by

i

Javy/dz + (G(a) + Y (2)/2v(2) V)

y' (2) szzy(Z) _ (108a)

aV/dz + (~3Y(2) + V' (2/2Y() U, = Y2V /2(2) (108b)

and the total solution is Vl(z) 4 Vz(Z), _
Equation (104) is the solution of; (108a) under the assumption that

Ayt (z)/2y(2) | <<1.. The solution of {ibSb) may be obtained by using (104)

for_Vl‘and then integrating the first%order differential'equationu . The V2
gsoluticn represents the-reflected_pséuho wave and is always present even
though it may. be very small, If it fs;small (108b) can be solved by
multiplying both sides by the integrating factor
‘ : : i
Z : .
exp. .[’. [~3vGe) + ¥ /2y ] dap | (109)
' z -
0
- and intégrating both sides ef the eqqéfion to obtain
VZ(Z) = [¥(z 3/ v(z) ] exp [§ [ ¥{(y) dy] Vo (2)) +
z .
9
z ~Y. : . :
v, (x) [V (/2 ¥(3)] exp [-j2° YO dw] ay } (110 |
' Z : . Z : :
To . . . K

The constants Vl(zé)zandzvz(zo) must be determined by the boundary conditions
at the termination pnints-xo and XT, -One pessible coﬁdition is- to insist that

the wave be outgoing at x_, as x_ apprbaches_infinitYh With the above resgtriction,

_ T T
plus the restriction that the total V at x'='x0‘be'vbigtheutotal V is given by -
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v(z) = V,(z) [Y:(.%)/_‘\{(Z)]

eXp [;j v(y) dy]

z
o

- % o @ y
- [exp (§ y dy)][ U/. (v /2v) [exp(-3 ;/ﬂ y dp) ldy] (111)

Z : z L Z
o . o

where
=Y ‘ ¥y

V. (z) =V /I - f (/20 e iz | vaw @]

Z 4
O o

The input impedance of a transmission line which satisfies (111) is given by

V(zo) _ —ZV(%O)
Zin = I(ZO:) T kV (z)
-3z [1 - (y'/2y) exp (-j2 -/. Y du) dy]

zZ ZO

© - (112)
=3v(z ) + (¥'(z }/2Y(z)) - jy(zo))-[‘ (Y'/2Y) exp (-32_[- Y dw) dy
. .. 'z . z : .

(o] ' 0

In general, the input impedance has a reactive component and is frequency
independent provided z_ = kx_ << 1, This phenomena has beén observed by -
Ingerson* and Mayes 3-0n'experimenta1 antennas. _ l
 Next .we will considexr the case of series lbading,only? For this éase,
7 .
R R R T (113)
This type of loading has been studied in scme detail by R. DuHamel.* ' The
differential equation for this case is the same aé that of (103): hoﬁever,.
in this case, the equation is for the current instead of the voltage. This

type of loading may'be‘used to explain the log=pericdic folded dipole.array42

and the conical spiral antenna,43 Mittra and Klock > recently derived the

% : . .
Unpublished results.
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approximate current distribution on the conical spiral by usmng the k-f3
dlagram of the uniform blfllar hellx,_ Part‘of their solution for the
current dens:Lty : ' C _ . . . S
: YKZé} 1/2 '-j .[zo ¥y} dy o
J{z) = J(O) f??Ei e ' _ : (114)

Equation (114) is for the current along the tape arm and includes
rotating as 0ne=progressee down the structure, However, if the fields
.are-prebéd with a loop or-smail dipole which is not rotated as the probe
- is moved down the structure, fhe phase‘progressiOn will not. be given by .
(114) which may be considered es the fundamental, but rather by a harmonic.
Equaticn (114} is the;approximete golution for the zero order. harmonic,
and the bifilar backfire helixeahd the log-spiral have the n = -1 harmenie
as the'dominant'term in the neaf fields, This is a natural conseguence of
the twisted pair. transmlsSIOn 11ne° The n= ~i harmonic is also characteristic
of the LP folded monopole array and the LP dlpole BYYay because of the
reversal of alternate radiating elements or the twisted pair feeder trans-
mission line - '

We will 1nvest1gate the medlflcatlons necessary to take into account
the nth harmonlc‘before invegstigating the more complicated structure with
both:series and shunt loading. “ |

As it Was previously pointed out, Equation‘(ii4) is the approximate
solution for.the:zero~order harmﬂﬁicoi For the LP dipole'errey every other
element is fed in alternete phase and, since tﬂe total'current'through an
elemenﬁ is V(HYL),'it'is iﬁmateriel_Whether the.pheee:change.is_attributed
to Yiuor the voltage V. . The ;atter gasexeorreeponde to a twisted pair
transmission line feedef,'.Since-mathematically it makes no difference,
‘we will attribute the change_t@ the voltage on the transmission line, and the
currents to alternate dipoies-will net-be_reverse.d° For the periodic case

ﬁn is given by ﬁo'+ nf/d and for the log-periedic case it is given by

B, B nw , : :
kK Tk z(ln T) : (;15)

Equatlen £115) is.derived by mapping the perlodlc solution w1th the trang=-

formation o )
' v = A 1ln x (llﬁ)fe

with the restrictiens
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= ., = Ut = T ; 117
To = *or Vo F d *o ta/fr = o : R ; )7_

From Equations (116) and {117) the transformation is given by

y -1 x/ln T S {(118)

dy = - dx/x In T - {119)
Consequently, a differential phase shift in the periodic case given by Bay
" may be obtained from Equation (119).

The continucus version of the nth harmonic of the voltage or current

is then given by

. b
0 T -3 J y(dy
v v_(0) V(z ) = 2 | J fz :
il I ° 1 - o '. Z“i;nT) exp (-jnw 1n(z/zo)/1nT)- e ° (120)_
Lt AL Y@ - oy

If.x.D is sméll} the‘truncation-error for‘the Zero harmonic may be negligible;
however,.fox the othér harmopics thisais“hot trﬁe;.‘lf'xogis'fiiedqias it
is on any pracficaI'aﬁtenna,.the phéSe térm is very sensitive to a_éhange
: in.frgquency since éo = kx_ and 1n (z/zo) = ln(x/ko). With this, it is
easy to see that the individual harmonics of thé voltage or current apprqxim'
. mately scalé continuously with.frequency except for the phase. _.

It was shown earlier that n= -1 is the term on the periodic structure
which gives the backfire radiation, and with n= -1 (120) gives the 2ﬁ:
phase rotation Principle observed by DuHamel47 and.ofhers., Notice that
for each n the'terms are épproiimately scaling_continuously with frequency
except for the.phase terms that involve ln(x/xo). The sclution that is
obtained by -adding more than one‘térm is frequency sensitive because the
. phase angle of the individual terms are frequency sensitive, If ﬁo is a
solutioﬁ, then -ﬁo is also a solution. With this additional type of
solution there exists the possibility of having.two terms present and still
have the voltage scale éontinuousiy.. The iﬁ§ tefms may”exist as a pair.
The -1 harmonic of +ﬁo and +1 of wﬁo may-exist as a pair, and in-general.
thé -nth harwonic of +ﬁb and the nth harmonic of the ~ﬁ0 solﬁtion may exist
as a pair, However, the sum of these pairs does not scale continuously
" with frequency but does scale at LP frequencies. It was pointed out -

earlier that if both,iﬁo terms are present, the input impedance is constant
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with freguency even though it has a reactive compenent., The same -is-also
true for a general pair +ﬁ -If the -1 harmonic¢ is the dominant term “the
other terms will be present and theSe terms represent LP perturbatlons over
a log-period, NOtlcej howesver, that if the source is scaled ‘the phase,term
- disappears because X, is changed by the same factor as the point of obsere
vation x. This approximate solution predicts that all LP devices which“can
be analyﬁed in terms of the —l-harmonic will have a phase rotation which is
linear Wlth In (x) if the source truncatlon peint is not scaled with frequency,
There is yet another assumption that is made when Equation (120} is wrltten.'
In general, the wave equation for a tapered structure may be formulated as
an infinite'Set-ef coupled first-order equations; In order to write'the.
solution as {120) it must be assumed that the coupling is negligible, which
may not be true for an arbitrary set of LP.elemente.loading the  transmission
line. _ |

The near fields of the dipole'array4ﬂ'and the conical spiral46‘may be
explalned in terms of the -1 harmonlc froem the feedpeint through the radiatien
region., However, the sgtub-loaded LP monopecle array47 ‘cannot  be explained
entirely in terms of the -1 harwmonic, The measurements made by Hudock‘and
Mayes49 on the periodic version of this antenna indicate that the zero-order
‘harmonic is predominant at the launch region and shifts to the -1 harmon;c_
in the radiation region. The previous theory does not -apply to this antenna
for at least two reasons, The first reason is that the structure has a
distinct double periodicity, i.e.j\tﬁo different loads per peried, Such
doubly periedic structures with distinct periods are beyond the scepe of
this present work. The second reaseon is that one of the aﬁproximations
made was that YL has a smooth behavior as a function of freqﬁehcy. The
stubs on the monopole array_d@ not exhibit a smooth behavier near quarter
wave resonance; copsequently, the approximation that YL/d is a distributed
- load ig net valid.
'Next:we will treat the more complicated case with both'ZL and YL.

- The approximate solution of {98} for small kd is given by.

A zZY_ - Y : A
(azs? m 1 2. Tl (';jrf—_%a’ + E—i—d—) (121)
(xd) 0 '

The correspondlng differential equatlon for this type of . loadlng does
"not. reduce in a simple way as in the two previous sp801al cases._ The
differential equatlons are glven by B M
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P

dv L

&='— (j(AJL + m ) I (122).
a1 'YL S _
- = ~ (jwC + m}—c— ) v . 3 (123) o

“Next take the derivatives of (122) and (123) and by letting kx = z the equations

may be put in the following form:

L2 Z Y Z Y Z
dv - d - L dv LL L L '
— - — Qg ] T g+ 3G + l1v=0
d dz A dz {(1-1)"z (1—T)Yoz -_(lﬁT)ZOZ

(124)

2 Y ' Y Z Y Z .

d’X d d .
S-Sy + 21 R - B ke =0 (125)
d dz oz dz 2 o “o

The solution of a general secound-order differential equation of the form
a2y dv | '
—— 4 Pz} =— 4 Q(z) V=10 ' (126)
2 dz
az :
may be solved by assuming a product solutian'of the form
V=Y  «W (127
- By putting (127} into {126} and putting the restriction
2Y" + P(z) Y =0 {128}

on Y, the solution of V ig given by

Z ) .
o= e M2 f; Pladx o (129)

where W is the solution of the equation

51—% + B2z W =0 - {130)
dz~ . S '
- and
] 2 : 2
| . R (z) =Q(=z) - 1/2 P'(z) + 1/4 P (=)
: Y. Z Y A _ 2 | R
l=1=-‘LL22+j( L 4 L —1/2~d—2[1n‘(j20+————.1‘——
(1-1)°= _ (L—T)YOZ (I—T)zoz, dz ' (1-T) =z
d % .
* 1/4 [1n(jz. + 1 ' ‘ (131)
z 0 .
_(l—T)z
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Since P{z} in this case is an exact differential, the Y part of the soluticn
is simple; however, the W part does not appear-to have a,propagatioh constant
which is s8imply related to {122)° The WKB approximéte solution of

{124) is given by ' &

Z
S VERRS fo R(y)dy |
e - (132)

R()/

_ A(JZ +
V o=

It is clear from.{131) that in order for the solutlon to exist, then in the
limit as z —3 0 the ratio ZL/z must be finite.--Because ‘of our inability
to relate the solution given by (131) to the approximate_(ﬁd/kd)2 in (121},

no attempt 1s made to find the other harmonic. sclutions,

C 3.3 Conclusions

In this chapter we have shown the connection between the - k—ﬁ dlagrams
of perlodlc and lOg—perlodlc contlnuously scaled structures, Several problems
related. to numerical correqundence-between:these cages stlllsremain.. _ |
Néverthéless the dispersion data fer fhe périodic case has proved ﬁery'useful_
" as an aid to qualltatlve analy51s of: log-perlodlc structures,: Examples of‘thé'
applications will be given in the next. chapter° |

It was: demonstrated that the approxlmate p or fundamental harmonic
scales contlnuously with frequency and the other harmonics approx1mately
5cale except for the 2nT phase rotatlon.‘ It was also shown that the 27
phase rotation observed by DuHamel 47 is assoc1ated with -1 harmonlc whlch

is the harmonlc that is associated with the backfire radiation.
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PART IV
'APPLICATIONS OF DISPERSION DATA TO THE DESIGN OF
FREQUENCY INDEPENDENT ANTENNAS

4.1 Early Work in Frequency Independenf Antennas .

“An antenuna is said to be frequency independent if the principal. charac-

- teristics (radiation pattern and input impedance) change negligibly with

freguency over a band which is limited only by the constiruction of the

antenna and if the band can be readily extended by adding tc the structure .

- in a manner which is apparent from the structure geemetry. This definition

is designed to distinguizh the frequency independent antenna from that
which is Iooseiy termed broadband. The above.definition serves to separate
the log-spiral and log-periodic antennas from the so-called broadband
antennas of the past, such as the biconical and its flat counterpart, the
bow-tie, However, it was from these early broadband types, which followed
the angle concept as outlined by V. H. Rumsey, that the development of
log-periodic antennas has pr@ceeded?o 51

The tr@ublesome thing about the bow-{tie could be termed "end.effecten
For, althouéh thisg shapesaf triangular fins weuld have frequency independent

properties when extended to'infinityy the truncation which is necessary in

the practical antenuna produces a length in the defining parameters and this

length produces variations in the radiation pattern, DuHamel theorized that

the end effect in a bow-tie might be eliminated if the energy could be
removed by radiation in fhe region_between feed peoint and trundationuﬁl
This reasoning léd td the first successful log-periodic antennas, with a
shape which is shown in Figure 31. The serrations . were designed to pro-
duce the desired radiation. They were also designed te improve the chances

that the resulting structure would be freguency independent. First, the

- shape iz self-complementary; that is, if we consider the outlined region

te be a flat sheet of conductor; the open region between the elements has
a ghape which is identical to the shape of the conducting region, When
such a self-complementary structure is infinite, Babinet's principle
tells us.that the input impedance is constanft at 189 ohms regardless of
the frequencyo If the end effect is truly eliminated by the serrations,

the antenna will appear infinite at the input termingls, and the impedance
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Figure 31,

An early planar log-periodic structure,
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" will be fregquency independent, Although it was iater found that this was
--not a necessary condition for'frequency.indepéﬁdentlinput impedance, it ne
doubt played an important part in the success of thelfirst-mOQels,‘- | |

The second genersl principle follows.from Similitude,;which has.been
used for many. years as a basis for testing antennas by using-a'scale model.
The shape showan in Figure 31 is such that the applicatien of a certain
scale‘faétor‘to this figure wbuld result in the same figure except in the
area near the truncation of the large and small ends of the structure.
‘Hence, insofar as the truncations are unimportant to the antenna performance,
the electrical characteristics of the antenna must be repeated at ffequeﬁcies
“which are related by the scale factor, which is usually called T, Since
the same results could be obtained by many successive applications of the
same scale factor (when the truncation effects are negligible}, the per-
formance should répeat af fréquencies réléted by any integral powér of
the scdale facter T.. This property of the ge@metry5 that the electrical .
performance should repeat periodically with the logarithm of the frequency,
was the motivation for for the name “logarithmically periodic™ or "log~periodic®
structures, o . :

The flat sheet metal antenna shown in Figure Si.produced a bidirec-
tional beam which was linearly Qolarized with the electric vector parallel
to the teeth. This latter observation confirmed that it was the currents.
flowing on the.serrations which produced the radiation and the triangular
fin merely acted as a transmission line to feed the radiating elements,

Impertant as they were, these first log-periodic aﬁtenhas were pot of
.great practical usefulness. The principal drawback was the bidirectional
characteristic of the radiation which would naturally result from the
symmetry_ofra planar structure, For most applications, a unidirectional
radiation pattern is preferable.. The obvioﬁs thing to try, then, is te
spoil the symmetry of the structure in order to change the radiation
- pattern from a bidirecticnal one to a unidirectional one. Figure 32 shows_
4 log-periodic antenna with elements tilted toward each other thét was
first‘investigated.by ISbeli{52 It indicates that the .desired unidirec~
tional radiation was achieved, but, instead of radiating in the direction
of phage progression of the current along the fin, the beam was produced
in the cppesite direction--that is, toward the feed point, . That such a

. "packfire” characteristic should-be inherent in the operation of most
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successful unidirectional frequency indépendent aﬁtenhas foilows directly
- from the shape of the dispersion curve for the uniform périodic structures..

The first development of wire outline_versibns of log-periodic antennas
wag done pfimarily by DuHamel and his co-workers at Collins Radio°53’54
Figure 33 shows some of the modificatiouns which were made to convert the
- £irst unidirectional log-periodic antennas into Stfuctures-which woﬁld be
practical for applications in the high frequency communications band~-6
to 30 megahertz,. . Most of the-conductbr has been eliminated from the
elements, leaving oniy a central boom and the edges of the elements., . The
element shape has been changed from circular arc to straight line.,. The
essential properties are retained, however, due to the common scale factor
associated with the dimensions of any two adjacent elements.

Another very practical form of the antenna.waS'developed by'Isbello55
 Alth0ugh he proéeeded along = different line of. reasoning, the same result
is achieved if we apply several perturbations to the antenna in Figure 33.
If we let the element widths become small and then allow the angle between .
the planes of eloements to go to zero, the: result isg the famlllar log-
-periodic array of dipole elements shown in_Figure'34, The‘perturbatlon
just described leads naturally to the transposed feeder'line-shown in
Figure 34. B

Rumsey has pointed out the common symmetry properties in a self-
complementary structure and the dipcle.array with transposed feedero50
It is interesting to note thét the shape 6f the first leg-periodic antennas
was governed by a .desire te oblain a -self-complementary structﬁre} and
this dictated the staggefed location of the "teéthﬁ on the antenna shown
in Figure 31. = Although the perturbations in the structure of Figure 31

which lead to the dipole array of Figure 34 are rather severe, the symmetry

is maintained. through the use of the transposed feeder.

4.2 Dipole Array Analysis

Using the known properties of dipolé antennas in a2 computer program
- which soived an equivalent circuit for the antenna, Carrel was able to
compute many of the operating characteristics of the leg-periodic dipole
which agree well with experimental observations;56 For exampley Figuré 35
shows some radiation patterns presented by the computer in botﬁ the E- |

and H-planes of the antenna f@fifrequencies which‘éofrespondﬁto_the.resonqnt
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frequencies”of a humber of elements oﬁ the‘anténna,,'This was an eipht-
element log-pericdic dipole array. We can observé”thatﬂover a'ffequency
range which extends from the resonant frequency of the longest dipole, fl5
down tc about the resonant frequency of the next to the last dipple, f7j
these radiation patterns are very much the same, Evidence of front end
truncation appears first in the H-plane pattern calculated at f85 the
resonant -frequency of the shortest dipocle,

The.cbmputer program could. also be used to calculate the input
impedance. TFigure 36 shows a Smith chart which displays the computed input
impedance for a pariicular log-periodic dipole which had eight dipoles,

T = 0.888, a = 17.5 degrees, Z_ = 100 ohms, and terminal impedance = 100

o

ohmes., In many cases the actual value of the terminal impedance is unimportant

because the energy ig gone from the feeder line before it reaches the
"termination. '

Figure 35 shows a typlcal characteristic of a frequency independent
impedance where most of the poiﬁts are grouped in a Veiy compactllocus

on the gmith chart. It is only at frequencies f7 and £_, corresponding

7
-to resonant freguencies of the two shortest dipoles on ihe antenna,_that
~ the impedance.departs from this locus appreciably. '
Figure 37 shows the measured and calculated phase and amplitude of

the feeder voltage aleng a log-pericdic dipele antenna, The abscissa is
the distance .along the: axis of the antenna normalized with respect to |
wavelength, On the left ordinate,'phase is plofted in degrees, and on
the right hand ordinate the amplitude is plotted in decibels. The calcu=
lated values are shown by triangles for the phase and by small squares
for the ampliftude, and the measured values are shown by continuoﬁs
curves., OFf principal importance in Figure 37 are the slow wave nature of
the feeder wave near the feed point en the left-hand side of the.figure
and the rapid decay of voltage near the half-waveléngth element. Calcu-
lations were also performed for the amplitude and phase of the currents

in the dipecle elements themselveéo These currents are more directly
v related to the directional characteristic of the antenna, The amplitude
curve of Figure 38 shows that only a few dipoles carry the important
currentsj and that these dipoles are in the vicinity of the half-wavelength

element,. From these results the concept of an "active region™ on the antenna
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was developed,. The "active region™ varies with frequency in a way which tends
to keep the properties of the radiation pattern constant as frequency is
varied.. The results of Carrel’s analysis produced valuable design information

for the leg-péeriodic dipole,56

4.3 Backfire Zigzag Analysis

If we return to a serrated bow-tie similar to the one shown in Figure.31
but with triangular serrations, and eliminate the conductor in a different
way by allowing one edge of the structure to apprcach the other edge, we get
a result which is depicted by an experimental model shown in Figure 39. This
is a balanced log-periodic zigzag antenna:57 half of 1t is visible and the
other half is hidden by the polyfoam_support,

The log-periodic zigzag is a simple geometric shape for which a very
simple aﬁprOXimate ahalysis for the dispersion data has proved useful.
Similar results have been applied in greater detail to the cenical logari-

thmic spirals,l5’16

A uniform zigzag is shown in Figure 40. The structure .
"“is divided into cells by dotted lines., The period of fhe structure with
respect to traﬁsiation is a; the width of the structire:is W; the variable
running along the direction of the wire is s; the pitch angle of the zigzag
is %; and I indicates a current in the zigzag wire. Let us assume that
the current is a traveling wave with a free-space propagation constant k.
As illustrated in Part I, the important factor in calculating the radiation
pattern is the cell-to-cell phasing. The length of wire in one cell is
sc'c 2 W sec ¥y, The wave of current traveling with free-space phase
velocity along the wire produces a phase at the right-hand side of cell
-1 with respect to the phase at the left-hand side which is determined by
mﬁltiplying the lengtﬁ of wire in one cell by the free-space phase con-
'stantn This can also be détermined from a phaée constant ﬁo;which des-
cribes the progression of a wave from cell 1 to cell 2‘along the axis,
where the distance between adjacént cells is d. It is then apparent
that pod = ﬁsc, Substituting from the formula S, = 2W .sec Yy, the phase
constant ﬁo is found to be ﬁo = P csc. y. Since the cosecant is always
- greater than unity, this equation describes.a slow wave, In faect, the
slowness factor is the ratié 0f the wire length in one celi”td the cell

'1ength d. Slow waves are ordinarily tightly bound to a guiding surface
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Figure 39.

A balanced log-periodic zigzag antenna,
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Figure 40, A uniform periodic zigzag conductor
showing approximate phase constant
formulas,
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Structures, the fundamental slow wave may be accompanied by other waves. which
are not slow ahd may, therefore, radiate cohsiderabie energy as they propagate,

Considery'for éxamples the case when each cell contains cne wavelengtih of
wire. Then, because of the multiple~valued nature of phasors, each cell of
the structure is in phasé with every other cell, Array theory tells us that
the linear array of elements of the same ?hase radiates broadside, ..If each
cell contains slightly less than one wavelength of wire, the resulting phase
progression from cell to cell is toward the feed point and produces a beam
tilted toward the hack-fire direction; if each cell contains slightly more
than a wavelength, the phase progression is:.away from the. feed point, and the
beam is tilted toward endfire. The backfire conditionlis one of primary
interest for log-periodic antennas. 'If iz described by a cell=to-cell phase
difference whiéh is the negative of the intrinsic free-space value. Fhase
progression slightly greater than this value gives somewhat higher directivity
than obtained by using the hackfire coﬁdition exactly. This corresponds .
roughly to the Hansen-Woodyard condition, which is sometimes employed in linear
arrays hy édding excess phase shift to the array to get the narrowest possible
beamn, | _

The fields in and around each cell of a periodic structure are composed

of many space'harmonics which differ only in phase cdhstaﬁf and are related by

2nm
Po=F - T

Let us apply to the periodic zigzag antenna the theory according to the
normalized space spectrum shown in Figure 11 of Part.IIu We assume the slewness
factor of two, which could be adjusted by selecting the proper pitch angle of
the wire, When Ma = 4 and the fundamental wave is at the point ﬁo/k = 2,'
the various other space harmonics are found at B/k = -6, -2 and +6 as shown
in.Figure 41, All of the waves near the structure at this frequency are in
the slow region; there is only one, ﬁnlfkj which has even begun tc approach
the visible range of the diagram.

Now, we change fhe freguency so that h/a = 3 rather than 4, and assume
that the normalized fundamental wave phase éoustant is not é function of fre-
quency, but stays fixed at two.. By the formula for calculation of the phase
constants, we observe that the n= -1 space‘harmonic, ﬁtl/kj has moved up. to

the edge of the visible range, - It is moving in such:a .direction as to enter
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the visible range at the backfire side td first produée radiation in that
direction. The other space harmonic phase coﬂstants also.movedJ but they

are étill a long way ffom the visible range. We now go on up in frequeﬁcy,
until Afa = 2.5. The n= -1 space harmonic phase constant has moved inside'the
visible range; and, by the above-described construction im the unit circle, we
can chtain the.direction of the beam,

If this simple theory has any validity, we should be able to observe it
experimentally with a unifermly periodic Zigzag antenna,

The H-plane radiation patterns of a monofilar zigzag antenna are shown in
‘Figure 42. At a frequency of 1.3 GHZ'the,nz.-l harmonic is actually slightly
out of the visible range according to the approximate theory. However, we find
that there is a well-formed backfire fadiation pattern from the monofilar zigZag
at this frequency., As frequenc& is increased the pattern broadéns so that we
might, for example, at 1.4 GHz.be in the free-spacing phasing condition, As
frequency is further increased the pattern takes on a maximum at some angle
other than backfire, and that maximum value of radiation tends to scan around
toward broadside. The_beamsfhere are;not formed to the exteht_thdt we can
trace the scan across.fhe entiré visible range. Hence, the range of validity
of our original simple, assumed curreht digtribution is limited. However, for
uniform zigzags with narrow—&idth conductors and pitch angles greater than
about 30 degrees, the perturbation in;the gimple theory'is small and a well-
formed beam can be obhserved tc scan a&ross the visible raﬁge;

Figure 43 shows the actﬁal‘dispefsian data as determined from measure-
ments made on several uniform périodi¢ zigzag antennas with variogs pitch
angles, The dashed lines show the phése constants that would result on the
baéis of geometric slowing féctor of the antenna, agsuming that a free-space
wave travels aleng a wire, The solid lines are the experimental results,
These experimental results were obtained by two methods. First of all, in
the case where the points are below the two 45-degree 1ines, we can produce
a reflected guided.wave on the structure by placing an improper termination on
it. 'Eor-exampleg we could put an open circuit dr a short circuit at one end
which would produce a standing wave in the near field.. From the distance
between the nulls in the standing wave the guide wavelength is determined,
and from that, the phase constant. However, when the points lie in the fast-

wave region corresponding to‘the'visible range on the space spectrum, the wave
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Figure 42, H-plane radiation patterns of
‘ a monofilar zigzag antenna,
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Figure 43. k-P diagram for uniform balanced
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has a complex propagation constant and decays rapidly enough that reflections
trom the end would be negligible, In this. region of the diagram, radiation'
pattern measurements have been used to determine the fundamental wave constant.
From the direction of the observed beam the space harmonic phase constant was
calculated, -

It has already been discussed how the results for the uniform periodic
antennaé can be 6arried_bverj at least approximately, to log-periodic. The
variations with frequency obkserved on the uniform periodic structure corres-
pond to variations of the cell dimensions on the lbgnperiodic structure. The
region of small cells near the front of a log-periodic zigzag would correspond
to the low-freguency condition on the uniform structure, The fundamental wave

and all space harmonics are slow and, therefore, small radiation results.

-However, the region where the first reverse spacé harmonic'approaches the

backfire conditfion produces appreciable radiation and corresponds to the active
region on the structure., If radiation is sufficiently large, the larger cells
will be unexcited, and this is generally degirable to avoid appreciable radi--

ation in directions other than backfire.

4.4 Design of Log-Pericdic Antennas

Let us now consider how the knowledge of even approximate dispersion data
can aid in the design of some lOgmpériodic antennas. Considerable effort has
been expended on the design of vertically polarized log-periodic antennas for

use over ground. A number of designs have been proposed and used with varying

degrees of success., The excellent results obtained with both balanced zigzag

in free space and with one horizontally polarized zigzag element over ground
make this geometry a likely candidate for vertical polarization as well. So,
it was proposed to mount a zigzag element Verticallylover grouhd;65 this works
as expected., However, a major drawback to the utilization of this antenna in
the high frequency (3-30 MHZ)”range (probably.Where the principal applications
are found), is the fact that it has a rather large height-—exceeding one~half
the maximum wavelength of the band to be covered. One solution te this problem
developed by.Greiser66 is diagramed_in Figure 44,
The vertical zigzag element has been bent along its axis. Figure 44a

shows the vertical radiating elements and the end-on view of the hori-

zontal elements. The bend may beTSOmewhere other than on the axis of symmetry
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of the str:ucturen This is indicated in Figure 44b by having two angles alpha,
QE for the vertical elements and ué for the horizontal elements. The operation
according to the preceding approximate theory was verified by measuring the
Brillouin diagram on a uniform structure. The resulfé-of this measurement are
shown in Figure 45. In this case the Brillnuiﬁ diagram is plotted for only the
fundamental wave, whereas previous diagrams were confined to the first-Brillduin
- zone from minus T to plus 7 and showed several gpace harmonics, Notice in
Figure 45 the possibility of going through another transmission region inside
the second triangle. Then, the second reverse space harmonic enters the visible
region at the right-hand side of the second triangle, Scanning of the beam is
“also observed in this regicn and, from the beam direction it is possible to
determine the phase shift per cell in the structure. The dashed line in Figure
45 is the prediction for the propagation consfantlfrom cell to cell, based on
the assumption of a free~space current wave propagating along the wire,

A unique feature of the bent zigzag which proved very useful in the
design was the adjustment of the cell-to-cell phasing made possible by the
horizontal conductors. The horizontal elements can be replaced with zigzag
delay lines or other equivalent phasing elements so that appropriate phasing
from output of one element to inputfof the other can be adjusted by changing
the length of wire in each of the delay lines. Either of these methods can be
made te work with appropriate design to produce frequency indepehdent.backfire
radiation, :

Figuré 46 shows how the analysis can be related to the performance, and
how appropriate phasing can be determined, The cell-to-cell phase constant at
the quérter wavelength element is iabeled n on the normalized space spectrum
diagrams at the bottom of the figure. For the first antenna, this nth cell
falls in the visible range. In fact, the phase constant at the nth cell occurs
near the center of the unit circle, and the accompanying H-plane radiation
pattern {shown to the left in the figure) shows considerable brbadside'radiationj
resuylting in a very wide H-plane pattern. The second antenna, however, has a
different slowness factor which can be obtained through a proper adjustment of
the cell-to-cell phasing. This phasing was chosen so that nth cell falls
outside the visible regibno The nth cell here has a slowness somewhere .
betwesn 2 and So The resulting H-plane pattern for this antenna is consgiderably

improved., Variations in H-plane beam width are. usually attributable to. energy
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. ’ which penetrates to cells having phasing corfeéponding te waves in the
visible region;  If this 4= a problem in design which cannot be corrected
through phasing; the rate‘of.attenuétion of the curreénts can be increased
by increasing thé size of conductors uséd in the zigzag, thus reducing the
beam variations. ' | .

. The zigzag it an example of the type of structure for which the dispersion
effect is rather small and mainly due te¢ radiation. The dispersion properties
of the helilx are very similar as are those for the sinuscidal tépee The
relatively simple geometry of the helix and sinusoidal tape has made it pessible
to calculate the dispérsion data even in the complex wave region, .Generally
speaking, however, the dispersion data are mors readily obtained by measurements
than by calculation and the results obtained.from measurements on periodic
structures may give important clues tc the design of log-periodic antennas.

As an example of the application of'experimental dispersioﬁ data, consider
the design of a frequency-independent flush-mounted, cavity-backed, slot array
such as might be employed on high—speed aircraft or rockets, Working on the

basic premise of duality applied to the famiiiar log%periodic dipole array,

the geometry shown in Figure 47 was originally suggested as a pfoposed design.
The antenna consists of a number of waveguide-fed slots Which are arraﬁged in
log-periodic fashion and wmounted in a common ground plane, The feed system which

- was proposed consisted of a series of loops. Every other loop was transposed

to correspond to the transposed feeder of the dipole array. After considerable
experimentation it was determined that the antenna cuuld.be'mﬁde”to work fairly
‘well over a relatively narrow band near the upper end of the predicted band-
width providing the coupling holes beiween adjacent cavities were enlarged so
that only a vestigial side wall remained.

Near-field measurements indicated that the feeder wave was being attenuated
near the feed point even at low ffeﬁuencies and thus was not penetratihg as far
as the most efficient slot for that frequency. At higher frequencies, this
attenuation disappesred and the antenna performancé was satisfactory.. This
behavior suggested that a low frequency stop-band might be preventing the energy
from. penetrating the structure until a frequeney hgd.been reached where_the
stopband condition no longer existed bétween thé feedpoint and tﬁe active region.
Near-field measurements on the uniform periodic ecunterpart of the log-periodic
glot antenna substantiated this viewpoint,
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Figure 47, Log-periodic cavity?backed slot antenna construction and _
dimensions, : .

100




Wtj/ 7z, //////// Z //////// WL/ //////////// Y,
U o

Figure 48. Series loop feed system used in cavity-backed slot
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Since the. behavior had persisted through numerous modifications of the
cavity, suspicions began to center on the locp feed. The feed system was removed
from the slot array and placed over a ground plane as shown in Figure 48,

The Brillouin diagram for this structure was determined by observing the
near field amplitude of the loop system over a range of frequencies., The values
of [ were calculated from the distance between the nulls of the near-field
amplitude observations., The Brillouin diagram for the loop system shown in
Figure 48 is shown in the graph of Figure 49. The line QA represents the
relative "slowing” of the wave due to total length of conductor in one period
and would represent the locus of Bd if the energy traveled along the conductor
at the speed of light.. It is noticed that at kd = 0,8 an appreciable amount
of attenuztion is observed. However, we also note-that at this particular value
of ka, Pa is such that its lLocus falls ihside the slow wave triangle and also
falls below the line 0A which makes the slope of the kd-Bd lecus approach the
value of zereo forrthis frequency., This is characteristic of periodic structures
possessing stop bands; hence, we conclude that a stopband is present on the
structure, Therefore, it is evident that such a structure when scaled log-
periocdically would not operate in a frequency-independent manner. This conclu-
sion arises from the fact that in the corresponding log-periodic structure,
it would not be possible to propagate energy past the location ©f the stop band
which, in this case, occurs in front of the active region. .

This phenomenon correlated very well with the previous chservations ou
_the.logaperiodic,-cavity-backed glot array. It wag feound that for those fre-

- quencies where the stop band occurred in fyront of the active region, the
impedance locus of the log-pericdic structure appeared on the periphery of
the Smith Chart indicating that essentially no net energy was being radiated
by the antenna., However, as the frequency of operation was raised to the
poini where the stop: band went beyond the frent end (i.e., the small end)

of the log-periodic slot array, the impedance locus on the Smith Chart
appeared well inside the chart,

In order to eliminate the stop band the loop-feed system was altered teo
- correspond more closely to the zigmag configuration for which no low frequency
stop band has been found, The feed system for the uniform cavity-slot array
was then of the form shown in Figure 50. However, it is shown here again
placed over an infinite ground screen for near-field amplitude observations to

determine the Brillouin diagram for this structure, - The results are plotted
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Fig S50. Moditied feed system for cavity-backed slot array.
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in Figure 51. It is first of all noted that an attenuation of the near—field.

is obgerved at a higher frbéuency than in the previous case (kd = 1.2). Secondly,
we ndte that the locus ofukd vs. (3d doeg not crossg the line OA before the radi- -
ation region so that the 5l0pe does not approach zero in the regioh, This indi-
cates that a “directicnal ‘coupling” phenomenon is cccurring rather than a
-stop-band phenomens as wés noted in the previous case.

A log-periodic version of the feed system of Figure 49 was also used as a
feed system in a log-periocdic, cavity-backed slot array.. The results confirmed
that there was no stop band present on the structure over the entiré.operating
bandwidth. For all frequencies, the Smith Chart impedance locus appeared well
inside the chart, indicating considerable radiation by the slot array. A
typical impedance plot for an antenna designed to have 2,7:1 bandwidth is shown
in Figure 52. Note that the measured dispersion data indicates the approkimate
frequency at which backfire phasing is obtained from the feed system over a
ground plane. This is helpful in achieving a properly located active region on
the slct array although some shift is caused by interaction between the cavity
structure and the feeder., Nevertheless, with proper adjustments, well-fermed

backfire patterns are obtained over the operating bandwidth as shown in Figure 53.

4.5 Summary of General Principles

“In Part II the existence of stop bands on any periodically loaded line was

" demonstrated., Since the log~periodic dipole array consists of line which is

shunted log-periodically with resonant elements, stop bands can be expected to
also exist on such a structure.

The discussion of Part III, which relates the continuous scaled and log-
periodic antennas, emphasized the point that successful operation of such a
structure is dependent upon the loss., Hence, not only the dipole elements,
but the array configuration must be simultaneously efficient radiaters., It
seems good at this point-to relate the results of Parts II and III as applied

to the dipole array to serve as another example of how dispersion data can be

- related to antenna design,

Using the lossy stub analogy fer the dipole array, the results of Part II
show that the resistance of each element determines the maximum phase shift

in the region where the attenuation of the complex wave becomes appreciable,

' Hence}‘this parameter will be predominant in controlling the phase shift in the
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active region.  Of coufse, in the dipole array the real part of the base impedance
of each element depends upon the coupling to other elements, The freguericy band
over which appreciable attenuation exists is governed primarily by the stub |
impedance.. This parameter aiso_controls the Q of.the loading element.

The follewing points now arise for consideration in log-periodic arrays

of dipoles or moncpoles,

{a) The cell-to-cell phasing of element currents should be such that appreciable
radiation can be expected to occur from the array, i.e., the element current
progressive phase shift should be in the vicinity of that of a free-space wave
(or possibly a fast wawve) along the array. This is accomplished in the conven-
tional dipole array by‘means 0f the transposed feeder, The phase shift between
adjacent dipoles‘is_thereby altered from the phase shift between the loading
elements of Part II by a differénce of 180 dégrees or W radians. As a result,
the dispersion data plotted for dipole.currents is related to the dispersion

. data for 1oad currents as shown in Figure 54. Note the approach of the dipcle
currénts dispersion curve to the backfire free-~gpace line is dependent upon the
real part of the load impédanée,. :

(b) The attenuation in the complex wave region on the structure should be
large enough so that very little energy penetrates to the rear termination

or truncation point., The magnitude of the attenuation is also dependent upon
the real part of the load impedance. - However, the maximum attenuation occurs
for zero.load'resiétance which is not. desirable for frequency independence,
Hence, the optimum load resistance must. be éhosen on the basis of assuring
negligible end effect as well as suitable cell-to-cell phasing.

{c) 'The number of elements needed in the complex wave region.depends upon

the width of the region as well as the attenuation., Consideration of the load
resistance level plus the bandwidth of each element thus enters into choice of

an appropriate scaling factor T,

The above guidelines are offered as helpful aids to log-periodic antenna
degign based upon dispersion data, Additional work is in brogress in making
these design procedures more'precise, prefully, future work will extend the -
methods to many additional types of antenna élements as well as active and

passive log-periodic networks.
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4.6 Variations for ‘Special Applications

The measured Brillouin diagram of a periodic dipele array indicates

that when the period is small enough, conditions in the vicinity of the
three~halveg wavelength resonance are similar to thosge in the vicinity of |
the half-wavelength resonance, It thus seems reasonable to expect a regicn
of backfire radiation near other ¢dd integer multiples of a haifﬂwavelength;
The elemeﬁt patterns of dipoles at higher'ordef resonances are not very
~useful, however. The side lobes are comparable in size; in fact, they

may even be larger than the principal lobe. Théese side lobes can be
reduced to small values by forming the dipoles in the Shape of a V. Hence,
by tiiting all the elements of a leg-periodic dipole array forward tc make

a log-periodic érray of resohant—vgdipoles, the antenna range can be exteh—
ded to higher frequency bands by operating in these higher modespsq ‘The
directivity increases in the higher modes because one can make use of a
wider effective aperture {measured in terms of the wavelength}, Figure'55
shows radiation patterns in the E-~ and H-planes which are typical of

several modes of opération in a particular log-periodic resonant-V antenna.
Not only is the beamwidth in the E-plane narrower, but also-thé heamwidth

in the H-plane is reduced as operaticn is stepped up into the higherimodeso
‘The input impedance of the log~periodic-V array has also been measured

over several modes which encompass a bandﬁidth considerably greater than

20 to one. Each mode has a characteristic impedance locus on the Smith
Chart which can.be.described in terms of a mean.impedance R0 and a maximum
VSWR with respect to that impedance. TFor feeder impedances between 75

and 150 ohms, elements tilted 50 degrees from perpendicular to feeder,

' typical ranges of Ro and VSWR are az shown in Table 1.

TABLE I
Mode Rb(ohms) VSWR
- N2 40~ 60 1.5-1.6
3IN2 110-170 . 1.5-1,8
5M/2 120~-230 - 1.5-1.8 |
N2 g 90~-150 . l.4-1.7 f
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There is a trangition band between the various modeg wherein the patterns
break up and ‘the VSWR increases. This deterioration in performance is most
severe in the transition between the'h/z and 3A/2 modes and, in fact, may
be reduced to almost negligible effects in the transitions between the
higher modes, The foregoing principles can be used in the design of all-
channel (VHF-UHF) television recéiving antennas and of antennas for use in
communications services with frequency allocations in discrete bands such
as radio amateurs, etc, Mbdifications have recently been made which shift
the frequencies of the higher order resonances of the dipoles so that a
muitiband backfire array can be designed to cover bands which are not
exactly harmonically related.70

It still remains that many applications of frequency independent
antennas are in the HF communicatlions band where even a half-wave dipole
can become impracticably large. Hence, another interesting line of study
involves methods of reducing the length of the dipoles of a log-periodic
array. Several methods of loadiné the dipoles-have been suggested and

69,70

tried with varying degrees of success. We shall confine our con-

gideration to the method of continucus inductive loading, which involves

replacing the linear dipoles with normal mode helicesu61 Since we know

that the performance of an individual dipole is impaired by going to a

shorter helical dipole, we expect that the perfermance of the log-periodic

array will also be adversely affected, However, the properties of the

log-periodic dipole are generally good enough that some deterioration of : %

perfoermance can he telerated.

The original method of design was to adjust the helical dipoles so
that their resonant frequencies fall in the log-periodic sequence, rather than
necessarily having their lengths correspond to the log-periecdic formula,
The method of feed is the familiar one using twin booms and transposed
connection to the feed line. However, when covering a large bandwidth,
the structure bandwidth (i.e., the ratio of the largest to the smallest
element on the structure) will'be large, Hence, it is probéble that
only some of the dipoles will héve impractical‘lengths, and this suggests
the use of mixed arrays. In this case, the front of the antenna is an
‘ordinary log-periodic array of linear dipoles. But it is possible to

fix the length for the last few dipoles and adjust the resonant frequencies
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of these elements to correspond to the resonant frequencies of the original
linear dipole elements that would have occupied these same positions on the
antenna.

This design can be further improved by tapering the spacing from that
which is employed on the linear dipoles to a value more nearly optimum for
the helical dipoles, It is alse bemneficial to ascertain the bandwidth oif
each helical dipole and choose the lengths of the elements so that the
‘responses of adjacenﬁ dipoles overlap. In this manner a dipole array of
restricted width can be made which has impedance versus frequency charac-
teristics comparable to a log-periodic array of full-size half—wave dipoles.
However, due to the reduced bandwidth of the shorter dipoles, more elements

are required and the overall length of the array is thereby increased.

4.7 Conclusicns

Many useful new antenna designs have -been produced through frequency-
independent antenna research. These include a number not discussed here
for a lack of time and data. However, there are still some notable examples
of desirable perfermance which have not yet been achieved., A vertically
polarized omnidirectional pattern and a broadside diréctional.beam* are
two such examples. A fruitful area for further work lies in the joining
of research iﬁ pattern synthesis with that in frequency~independence. It
is expected that dispersion data for uniform periodic structures will con-~

tinue to play a major role in this effort.

*Since this manuscript wag,originally prepared results of workers at
University of California and University of_IllinoiS73'indicate that
beams very close to broadside can be obtained by altering the design
parameters of a log-pericdic dipole array and adding parasitic elements.
Consideration of dispersion data played an important rcle in achieving
these results, '
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